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Categories






Chapter 1

Category Theory

This chapter, which introduces category theory and covers the study of spaces from many
categorically oriented points of view, is a blend of many sources. Our sources for category
theory include [ , , ]. The section on homotopy theory

borrows from | , , ], in roughly that order.

1.1 Category Theory

1.1.1 Categories

A category C is a class Ob(C) of objects and, for every two objects X,Y € Ob(C), a class of
morphisms denoted variously as C(X,Y) or Hom¢(X,Y). (We will have occasion to use both
notations — while C(X,Y) is more concise and easier on the eyes, the Hom notation is some-
times more enlightening). For every triple of objects X, Y, Z, there is a composition function
C(Y,Z) x C(X,Y) = C(X, Z) sending g, f to the composition morphism g o f, often abbrevi-
ated to gf, whose existence we require. We also require that composition is associative, in the
sense that (hog)o f = ho(go f), as well as the existence of identity morphisms idx for each
X € Ob(C) such that goidx = gandidx o f = f.

If Ob(C) is a set rather than a proper class, C is said to be small. If C(X,Y) is a set for all
X,Y € C, then C is locally small, and we often refer to C(X,Y) as a hom-set'.

I"Hom" is an abbreviation of homomorphism, a relic from category theory’s origins in algebraic topology.
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Categories 2

Many common "types" of mathematical objects can be assembled into categories:

* There is a category Set whose objects are sets and whose morphisms are functions (a func-
tion f : X — Y being a selection of an element in Y for every element of X). Composition
of functions is defined in the usual sense, and there is an obvious identity morphism
idy : X = X, x — x.

¢ The category Top consists of topological spaces and continuous functions.

* The category Ab consists of abelian groups and group homomorphisms.

¢ The category CRing consists of commutative rings and ring homomorphisms.

¢ The category R-Mod consists of modules over a commutative ring R and their homomor-
phisms?.

e The category Man? consists of C? manifolds and maps. For instance, Diff := Man® con-

sists of smooth manifolds and maps.

Set is a locally small category, as are all categories whose objects and morphisms can be

thought of as sets and set functions, including all of the above examples.

Monomorphisms and Epimorphisms In Set, we can classify morphisms into injective, sur-
jective, and bijective maps. This generalizes in the following manner: A morphism f : X — Y
in a category C is an epimorphism if, forall g,h : Y — Z, we have ¢f = hf if and only if g = h.
f is a monomorphism if, for all g,h : W — X, we have fg = fhifand only ¢ = h. f is an
isomorphism if there is an inverse morphism g : Y — X such that fg¢ = idy and gf = idx. Two
objects in C are isomorphic if there is an isomorphism between them. The isomorphisms in
Grp, Set, Top, and Diff, for instance, are the group isomorphisms, bijections, homeomorphisms,
and diffeomorphisms, respectively; for nearly all intents and purposes, isomorphic objects are
to be regarded as equivalent. Note: we often shorten epimorphism to epi, or in its adjectival
form, an epic morphism, whereas monomorphism is shortened to mono, or a monic morphism.

In Set, (i) epimorphisms are equivalent to surjections, (ii) monomorphisms are equivalent to
injections, and (iii) isomorphisms are equivalent to bijections. To prove this, take a map of sets
f:X=Y.

2We often write R(X, Y) and Homg (X, Y) instead of R-Mod(X, Y) and Hompg_poq(X, Y).



3 Categories

(i) Suppose that there is some y € Y not contained in f(X). Let Z = {0,1},and let g, h: Y —
Zsend Y —yto0andyto0or 1, respectively. gf = hf, but g # h. So if f is an epimorphism,
it must be a surjection. Conversely, suppose that f is a surjection, and let g,/ : Y — Z satisfy
gf = hf. Foreveryy € Y thereis an x, such that f(x,) = y,s0 ¢(y) = gf(xy) = hf(xy) = h(y),
and g = h. Obviously, if ¢ = h then gf = hf as well, so surjections are epimorphisms.

(ii) Similar to (i).

(iii) Bijections obviously have inverses. Conversely, let f : X — Y admitaninverseg: Y — X
such that g(f(x)) = x and f(g(y)) = y. If f is not surjective, then there is some y € Y
mapped to by no f(x), so we cannot have f(g(y)) = y, and if f is not injective, then there are
x # x' € X with f(x) = f(x') and therefore x = ¢g(f(x)) = g(f(x")) = ¥, a contradiction. So
isomorphisms are injective and surjective, and hence bijective. Importantly, this proof hinges
on the fact that injective surjections are bijections; in an arbitrary category, it is not necessarily
true that a morphism which is both monic and epic is an isomorphism. A category where this
is true is known as a balanced category.

Most of our example categories are balanced, but CRing is not. To see this, take the in-
clusioni : Z — Q. First, let f,¢ : R — Z be such that if = ig. Since i is an inclu-
sion, f(r) = g(r) for all r, making i monic. Now let i,k : Q — S be such that hi = ki.
h(p/q) = h(p)h(g=') = h(p)h(q)~!, so h and likewise k are completely determined by where
they send the integers, and hence hi = ki implies i = k. Despite being monic and epic, i fails

to be an isomorphism.

Naturality In general, the vast majority of types of mathematical objects assemble into cate-
gories, the main concern being what the morphisms between objects of a certain type should
be; generally, there is a natural notion of morphism between such objects (as in the above exam-
ples) which, when equipped to their category, allow that category to "encapsulate" the nature
of that type of object. This natural notion is generally one that preserves precisely the structure
associated to that type of object; given enough information about what is needed to define an
object of that type, the structure we want morphisms to preserve generally becomes obvious.
For instance, we may define a natural notion of a morphism between categories: a morphism

F : C — D should map objects X € C to objects FX € D and morphisms f : X — Y to
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morphisms Ff : FX — FY in a manner that preserves composition, identity, and associativity.
Such a map has a special name: Given two categories C, D, a functor F : C — D consists of a
map Ob(C) — Ob(D), as well as, for every X,Y € C,amap C(X,Y) — D(FX, FY). We require
F(go f) = (Fg) o (Ff) and Fidx = idrx. (Associativity is trivial).

Given two functors F,G : C — D, a natural transformation « : F = G is a family {ax :
FX — GX}xec of maps in D such that, for any f : X — Y, we have (Gf) oax = ay o (Ff). If
each ay is an isomorphism, « is known as a natural isomorphism.

We can define two new categories: the category Cat of small categories and functors, and,
for any C,D € Cat, a category D¢ (also written as [C, D]) whose objects are functors C — D and
whose morphisms are natural transformations between functors. Both of these are subject to
set-theoretic issues®. We will handwave these issues away, though especially curious/bored
readers may see Appendix A for a discussion on the problems this can lead to, and the mecha-

nisms for fixing them.

Y

X — FX / \

FY f GY

Ff X G

Y — S FY / \
X GX

~

The data associated to a functor and natural transformation

f

All of our example categories are locally small, and their objects are sets equipped with extra
structure. Such locally small categories which can be modeled on sets are called concrete, and
they admit functors C — Set which "forget" the structure on their objects, conveniently known
as forgetful functors. For instance, the forgetful functor Ab — Set just maps abelian groups to
their underlying sets, and group homomorphisms to their underlying set functions. In general,

for a category to be concrete we require the existence of a forgetful functor which is injective on

3Tt is for this reason that Cat consists of small categories; the set-theoretically problematic CAT is defined as the

category of all categories.
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hom-sets, as otherwise two different maps in C will be sent to the same set map, so we cannot

speak of their "underlying" set maps.

A functor F for which each map C(X,Y) — C(FX, FY) is injective is known as a faithful
functor; in contrast, functors which are surjective on hom-sets are called full. Faithfully full
functors are bijections on hom-sets. On objects, F is essentially surjective if every object Y € D

is isomorphic to some FX, X € C.

1.1.2 Limits and Colimits

To see how categorical thinking can encapsulate the nature of certain types of mathematical
objects, consider the product of topological spaces: given a pair of topological spaces Xj, X»,
we define their product to be a space X equipped with canonical projection maps 77; : X — X,
and give X the smallest topology that makes the 7; continuous. Every open set in this initial
topology is required for continuity, making this the "most efficient" space with continuous
morphisms into X; and X;. This can be made rigorous by the following observation: any
space Y equipped with a pair of functions (f; : Y — Xj,f2 : Y — X;) admits a continuous
map f: Y = X,y — (f1(y), f2(y)) such that 711 f = f1 and 7o f = f; in fact, this f is uniquely
determined by f; and f,. Pictorially, there is a unique arrow f : Y — X such that the triangles

in the following diagram commute:

3

e

&

>
2

N4

f f:

In particular, if we set Y = X, we get f = idx. We see that X = X; x X, encodes pairs
of morphisms (f1 : Y — Xi,f2 : Y — Xp) in the most efficient possible way; in fact, if any
other space X’ with morphisms (77} : X' — Xy, 7, : X — Xj) satisfies this property, then the

diagram
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™

X
| f
Xl < X/ > X2

\ i f/ /
us| v Uv]
X

demonstrates that the unique morphism f'f : X — X satisfies 1y = 71 f'f and 1, = 7o f'f;

since idy also satisfies this property, we have f'f = idx, and by the same reasoning ff’ = idy,
making X’ and X homeomorphic to one another. It follows that the product of topological
spaces can be defined (up to homeomorphism) by this category-theoretic requirement, which
takes place abstractly in Top. We can generalize this to an arbitrary category C:

The product of two objects X, Y is, if it exists, an object X x Y equipped with morphisms
tx : X XY — Xand rry : X X Y — Y such that for every Z equipped with a pair of morphisms
f:Z — Xand g : Z — Y, there is a unique morphism h : Z — X X Y with nxh = f and
niyh = g.

The product in Top is the topological product, as we’ve seen; in Ab, Set, and CRing, it’s the
product of abelian groups, cartesian product of sets, and product of rings, respectively. All of
these share the same property of being unique up to isomorphism. In general, suppose two

objects X, Y in a category C have two products, Zy and Z;. Then Zy and Z; are isomorphic.

Proof. Let ¢x, ¢y be the canonical projections from Z; and ¥, ¢y the canonical projections
from Z;. By the universal property of the product, Z; has an arrow ¥ : Z; — Z; such that
pxo¥Y = Px and ¢y oY = ¢y, and Zp has an arrow ® : Zy — Z; such that Px o ® = ¢x
and ¢y o ® = ¢y. It follows that px o Y 0o ® = px 0 & = ¢x, and ¢y o ¥ o ® = ¢y. Likewise,
Pxo®o¥ = ¢y and Py o P oY = yy. It follows that both the morphisms ¥ o ® and idy,
satisfy the required factorization identities in the product diagram for Zy, and likewise for Z;,

as indicated in the following diagrams:

Zy

07N 7N

)
X idg, Yo Y X idgz Y Y

Zy
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Soidz, = Y® and idz, = ®Y, making ® and Y isomorphisms between Z; and Z;. |

This manner of thinking about categorical constructions can be vastly generalized: for in-
stance, we may ask for an object that classifies morphisms into no objects, i.e. an object T that
has a unique morphism f : X — T for all X € C. Such an object is known as a terminal object.
We may even throw morphisms into the mix: given a diagram f,g : X; == X,, we may ask
for an object Y equipped with morphismsi : Y — Xj,j : Y — X, such that fi = gi = j any
other object equipped with commuting morphisms to X; and X; bears a unique morphism to

Y; such a Y, when it exists, is known as the equalizer of f and g, Eq(f, g)-

N

I

l —f\;
\\ X1 7g X2
X ) }[

Diagrams for products, terminal objects, and equalizers; dashed arrows are unique

X1

X1 X Xp Z Eq(f, 8)
X3 |

This process is generalized in the obvious way to arbitrary diagrams; the object correspond-
ing to a certain diagram is known as the limit of that diagram. For instance, the limit of the
empty diagram is the terminal object, the limit of the diagram X; X, is the product X; x X»,
and the limit of the diagram f, ¢ : X1 =2 X; is the equalizer Eq(f, ). The proof of the unique-
ness of products up to isomorphism generalizes easily to the uniqueness of any kind of limit. In
particular, any category can have at most one terminal object up to isomorphism. In Set, all sin-
gletons are terminal objects — for X an arbitrary set, there’s only a single function f : X — {x}
sending all x € X to the single object * — and all singletons are isomorphic, allowing us to just

speak of "a" terminal set; if we need a specific one, we'll use the ordinal 1 := {&}.

Duality Given any category C, we can flip all the arrows, obtaining the opposite category C°P.
For instance, a morphism X — Y in Set®P is given by a function f : Y — X. In general, every
arrow-theoretic statement and construction has a dual, given by flipping all the arrows and
attaching the prefix 'co’; this is known as the principle of duality. For instance, the coproduct of

two objects X3, X, € Cis an object X; I X, equipped with two morphisms i; : X7 — X; II X5,
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i : X — X1 II X5 such that any X also equipped with such morphisms has a unique morphism

from X1 II X, making everything commute.

X1 x Xy X1 I X3

We similarly have coequalizers, coterminal (initial) objects, and in general, colimits.

X2 X1 XZ

e
e I

omparing product and coproduct diagrams

An especially ubiquitous notion is given by that of a cofunctor, or a contravariant functor: A
contravariant functor F : C — D is a functor C°? — D. Specifically, each arrow f : X — Y in
Cis sent to an arrow Ff : FY — FX, and composition works backwards, sending go f : X —
Y — Zto F(g¢f) = (Ff)(Fg) : FZ — FY — FX. Normal functors are often called covariant

when specification is required.

Example. For every object X in a category C, there is a covariant functor C(X, —) : C — Set
sending Y € C to the set C(X,Y), and a morphism f : Y — Z to the set map f. : C(X,Y) —
C(X,Z) sendinga g : X — Y to f.(g) = fog. The dual, contravariant functor is given by
C(—, X), which sends an object Y to C(Y, X) andamap f: Y — Zto f*: C(Z,X) — C(Y, X),
g+ gof. C(X,—) and C(—, X) are known as the covariant and contravariant representable

functors for X.

Example. A lattice is a poset which, as a category, has all binary products and coproducts. The
coproduct is to be interpreted as the join (or sup, logical OR) x V y and the product as the meet
(or inf, logical AND) x Ay. Since the categorical structure on an arbitrary poset is given by
writing an arrow x — y whenever x < y, the join of two elements x,y is an element x V y
satisfying x,y < x V y, and such that any object z satisfying x,y < z also satisfies x Vy < z. In
this way, x V y is the least upper bound of x, y, while x A y is the greatest lower bound.

If L has elements 0 and 1 such that 0 < x < 1 for all x € L, then 0 and 1 are the initial and
terminal objects of L as a category. Equalizers and coequalizers are trivial in lattices, so a lattice

with 0 and 1 is a poset which, as a category, has all finite limits and colimits.
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We may also define lattices with 0 and 1 equationally: a lattice is a set with two distinguished
elements 0 and 1, and two associative, commutative binary operations V and A such that x A
x=xVx=x1Ax=0Vx=xand x A (yVx) = (xAy)Vx = x. The partial order is
recovered by the relationx < y <= x =xAy <=y =xVy. Ifalsox A (yVz) = (x Ay)V
(x A z), or, equivalently, x V (y Nz) = (x Vy) A (xV z), we say that the lattice is distributive.
If L has for each x an element —x such that x A -x = 0 and x V —-x = 1, then such a —x
is unique, and is known as the complement of x. A Boolean algebra is a distributive lattice
with 0 and 1 in which every element x has a complement. In such a lattice, the DeMorgan
laws hold: —(xVy) = ~x A=y, ~(x Ay) = (—x) V (—y), and -—x = x. For instance, every
poset of subsets of a given set is a Boolean algebra under the operations of union, intersection,
and complement; in fact, every Boolean algebra can be constructed up to isomorphism in this

manner.

Equivalence and Universality As indicated earlier, the notion of naturality plays a large role
in category theory; categories and their morphisms serve as a method of organizing objects of a
certain type, and basic constructions on categories (taking limits, opposites, etc.) yield natural
constructions on the corresponding objects. The key ingredient in all of these constructions is
universality, which can be thought of as selecting the "most general" or "best" way of doing
something: for instance, the product X x Y of two objects is the most general object that bears
morphisms to both X and Y, in the sense that all other objects with morphisms to X and Y
see those morphisms factor uniguely through those of X x Y *. Even without the use of cat-
egory theory, universal properties show up throughout mathematics: for instance, the tensor
product M ® N of R-modules M and N satisfies the universal property that any bilinear mor-
phism M @ N — P factors uniquely through M ® N; informally, it is the most general way to
turn bilinear homomorphisms into linear morphisms. The localization of a ring A at a multi-
plicatively closed subset S C A satisfies the universal property that every ring homomorphism
A — B which sends A to an invertible element of B factors uniquely through S —1A: it is the

most general way to add inverses to A.

“The name "universality" derives from the fact that this property is expressed via universal properties, as
V... 3t
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Category theory also allows us to weaken the notion of equivalence from strict equality (=)
to isomorphism (=). Many categories have a natural notion of a "morphism between mor-
phism", or a 2-morphism: e.g., natural transformations serve as the 2-morphisms in Cat. In
a category with 2-morphisms, known as a 2-category, we can further weaken the notion of
equivalence: let X, Y be objects of a 2-category C with morphisms F : X — Yand G: Y — X
such that FG admits a 2-isomorphism « : FG = idy and GF a 2-isomorphism B : GF = idy.
In C = CAT, this concept bears a special name: An equivalence of categories C = D is a pair
of functors F : C — D, G : C — D equipped with natural isomorphisms « : FG = idy and
B : GF =idy.

Yoneda’s Lemma For a category C, we will denote the functor category Set®” of contravariant
functors C — Set by C; its elements are known as presheaves. Yoneda’s lemma states that C
admits a full and faithful embedding into its category of presheaves C.

For a covariant functor F : C — Set, the set C(C(X, —), F) of natural transformations from

C(X, —) to F is isomorphic to FX. For a contravariant F : C°P — Set, C(C(—, X), F) = FX.

Proof. For F covariant, take an arbitrary a € FX. Letting ax(idx) = a defines a unique natural
transformation in which any f : X — Y must be mapped to (Ff)(a). Conversely, any a €
FX defines a unique natural transformation ay(f) = (Ff)(a). For F contravariant, flip the

direction of f. u

Note that when F = C(—, Y), the contravariant version yields

We may use this to define an embedding of C in C: the Yoneda embedding is the functor X :
C — Csending X to C(—, X) and f : X — Y to the natural transformation C(—, X) = C(—,Y)
corresponding to f. Since the sets of natural transformations between two functors are the hom-
sets in the functor category C, X is a full and faithful functor, and hence a proper embedding.
Furthermore, C also contains all colimits in a natural way: (Co-Yoneda lemma) Every element
of C is a colimit of a diagram of contravariant representable functors in a canonical manner.

For further details and a proof, see [ 1, pgs. 41-43.
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1.1.3 Adjunctions

The "best" relation two functors F : C — D and G : D — C can have is their forming an
equivalence of categories C = D. Then, morphisms in C can be mapped to morphismsin D in a
natural and reversible manner (up to isomorphism). The next best relation F and G can haveisa
failure of equivalence on objects, but an equivalence on morphisms, in the sense that D(FX, Y)
is in bijection with C(X, GY) for all X € C, Y € D. If this happens in a natural manner, we say
that F and G are adjoint functors. Adjunctions show up everywhere, as we will demonstrate.

Given locally small categories C and D, along with functors F : C =+ Dand G : D — C, we call
F and G adjoint functors if there’s a natural isomorphism @ between the following functors
from C°P x D to Set:

®:D(F—,—)=C(—,G-)

Then, F is said to be left adjoint to G, and G is said to be right adjoint to F. This relation is
written as F 4 G, with the - symbol pointing towards the left adjoint (we could also write
G F F).

The name "adjoint" comes from linear algebra, where the adjoint of an operator A on an inner
product space V is another operator A" satisfying (Av, w) = (v, ATw): we "move" the operator

to the other side by taking its adjoint.

Example. The free abelian group on a set S, is defined to be an abelian group F(S) along with
an inclusion set map is : S — F(S) such that every set map u : S — A, where A is an abelian
group, factors as u = ¢ o i for a unique homomorphism ¢. A set map f : S — T generates by
compositionamap iro f : S — F(T), and hence a unique homomorphism F(S) — F(T); it can
be verified that when f = idg, this homomorphism is idf(s), and furthermore that composition
of these induced maps is associative. This evidences F as a functor Set — Ab, known as a free
functor. If we let | be the forgetful functor Ab — Set, then we see that Set(S, JA) is in bijection
with Ab(FS, A): the map from set maps to group homomorphisms is given by the definition
of the free group, and the map from group homomorphisms to set maps is given by taking
¢ : F(S) - Atothesetmap @oi:S — JA. This bijection is natural in both S and A, rendering
F the left adjoint to J. Free-forgetful adjunctions of this nature are extremely common: in fact,

we may define free functors as left adjoints to forgetful functors.

Example. In Set, maps X x Y — Z can be identified with maps X — Set(Y, Z) by currying:
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in lambda notation, we send Ax,y.f(x,y) to Ax. (Ay.f(x,y)). This yields an adjunction with
— X Y on the left and Set(Y, —) on the right. As we'll see later, this is the defining feature of a

cartesian closed category.

Example. A Heyting algebra is a lattice H with 0 and 1 which has an right adjoint known as
exponentiation associated to the functor — A y. That s, there is for every x, y an object, generally
written as x = y, such thatz < (x = y) iff x Ax <y, i.e. x = yis a least upper bound for all
elements z with z A x < y. In particular, y < (x = y).

The unit and counit of the exponential adjunction give us inclusions x < (y = (x Ay)) and
yA(y = x) < x. The properties 1¥ = 1 and X! & X, valid in any category with a right
adjoint to its product functor, become (x = 1) = 1 and (1 = x) = x, and the properties
(y x z2)¥ =2 y* x z¥ and x¥** = (x¥)* become (x = (yAz)) = ((x = y) A (x = z)) and
((yNz) = x) = (z= (y = x)). Heyting algebras are distributive due to the fact that — A y is

a left adjoint, and hence preserves coproducts: ((x Vz) Ay) = ((x Ay) V (zAy)).

In a Heyting algebra, we may define the negation of x as —x := (x = 0), the idea being that
"not x" means "x implies falsity". This is not a strict negation: while x A =x = 0, as evidenced
by the identity x A (x = y) < y, x V —x isn’t necessarily equal to 1. If x does have a strict
negation, though, it is —x. So while x < ——x, this isn’t a strict equality as in a Boolean algebra.
However, -x = ———x, and x < y implies that -y < —x, so we're not totally lost. These
features tell us that the logic of a Heyting algebra doesn’t necessarily satisfy the law of double

negation x = ——x, and as such is an intuitionistic logic rather than a classical one.

Given a predicate S(x,y), where x € X and y € Y are elements of sets, we may regard S
as the subset S C X x Y of those pairs for which S(x,y) is true. The statement (Vx)S(x,y)
then picks out a subset T C Y consisting of all those y such that X x y C S. Letting p denote
the projection X x Y — Y, we may denote this subset as V,S. The statement (3x)S(x,y) is
equivalent to y € p(S), and we will denote the corresponding subset by 3,S. Let PY be the
Boolean algebra of all subsets T C Y and P (X x Y) the Boolean algebra of all predicates S.
Viewing these as categories, we have a pair of functors vV, 3, : P(X xY) = P(Y). There is
a third functor, p* : P(Y) — P(X x Y) which sends each subset T C Y to its inverse image
p*T = X x T. Then, there is an adjoint triple 3, 4 p* 4 V,,. This follows from the fact that
p*TQS@TQVpSandSQP*T@EIPSQT.
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Example. Abisnaturally a subcategory of Grp, so we can define an inclusion functori : Ab — Grp
which just drops the “abelian” prefix. The left adjoint of this functor is given by abelianization,
sending a group G to G/[G, G] and a group homomorphism ¢ : G — H to the map ¢* : G —
H — H/[H, H], which satisfies ¢(xy) = ¢(x)9(y) = ¢(y)¢(x) = ¢(yx) and hence extends to
a morphism G/[G,G| — H/[H, H]. In general, a subcategory C of a category C is reflective
when its inclusion functor has a left adjoint, and coreflective when the inclusion functor has a
right adjoint.

A paramount feature of adjoints which we will state but not prove is their ability to preserve
limits and colimits. Let F : C — D be left adjoint to G : C — D, let I be a diagram in C, and
let A be a diagram in D. Then, colimFI' = F(colimI') and lim GA = G(lim A). Succinctly, left

adjoints preserve colimits and right adjoints preserve limits.

Units and Counits Given an adjunction @ : C(X, GY) = D(FX,Y), suppose we set Y = FX,
giving us a bijection C(X, GFX) = D(FX, FX). Plugging the identity 1f, in on the right side
gives us a unique 77x : X — GFX. Doing this for all X gives us a natural transformation idc —
GF, since an h : X' — X is translated to a GFh : GFX' — GFX such that GFhony = nxoh
(proof: GFhonyr = GFho ®(idpx/) = ®(Fhoidpy) = ®(idpx oFh) = ®(idpx) o h = 57x o h).
Dually, we can let X = GY, so that plugging in idgy into the right hand side of the bijection
C(GY,GY) = D(FGY,Y) gives us a natural transformation ¢ : FG — idp. Both the composites
G ﬂ—G> GFG &> G and F ﬂ> FGF E—F> F reduce to the identities 15 and 1f; from this, we

obtain the adjunction’s zig-zag identities

(eF)(Fp) =1 (1G)(Ge) = 1¢

We call 7 the unit of the adjunction and e the counit.

Monads Consider the iterated composites of an endofunctor T : C — C, i.e. T? = TT,
T3,.... If U T2 — T is a natural transformation, with px a morphism T2X — TX, then
Tu = {Tux}xec is a natural transformation from T2 to T2, defined by (Tu)x to T(ux). uT is
another natural transformation between T2 and T2, defined by (uT)x = urx.

A monad in a category C consists of an endofunctor T on C and two natural transformations

7 :idc — Tand u : T> — T known as the unit and multiplication such that the following
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diagrams commute:

T T T
T 72 1T 172" 7
ﬂTl lﬂ \lﬂ/
2t T

where 1 is the natural transformation {idx } xec.
The structure is meant to resemble that of a monoid (identity, associative composition), with
1 the unit of T and u the multiplication of T. In this sense, the left diagram just expresses the

associativity of multiplication, and the right diagram expresses the left and right unit laws.

Example. As an example, the powerset functor P : Set — Set, X — PX, (Pf)(S) = f(S)
forms a monad. The unit sends X € Set to the map #x : idset(X) — PX,x — {x}, and the
multiplication sends X to the map pux : PPX — PX, {Sr} — U, Sa.

To verify the coherence laws, let S = {{S Aé}geg }rea, where each S A; is a subset of X, be
an arbitrary element of PPPX. We want to verify that (uxppx) (S) = (uxPux) (S). On one
side, (uxppx) (S) = Ujrea (Ugeg 5%) = Unz Sa;- On the other side, note that Py is a map
PPPX — PPX sending § to {Uzez S, b, 50 (nxPpix) (S) = Unea (Uzez Sa, ) = Une S,
as well. To verify the law for 7, we must show that uxypx = uxPnx = idpx, which is evident

from the trivial action of y on singletons.

Every adjunction F : C — D 4 G : D — C gives rise to a monad in the category C. GF is the
endofunctor on C, the unit 7 : idc — GF of the adjunction the unit of the monad, and, given
the counit ¢, the multiplication is given as GeF : GFGF — GF. The coherence laws then look
like

GEGFGF SESE GrGr FGFG —FC, G ide GF 5 ror &M Gride
GchFl leF sFGl ls \ lce/

The middle diagram is just a restatement of the right, obtained by removing the G on the left
and the F on the right; it must hold, since ee = ¢ - (FGe) = ¢ - (¢FG). The right diagram must
hold since 1 = Ge - G = ¢F - Fr.
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Example. Consider the free abelian group - forgetful functor adjunction F - U. This yields a
monad with unit 7 : idsee — UF with n7x : X — UFX sending x € X to x considered as a
basis element of FX and multiplication UeF : UFUF — UF, where ¢ : FU — 1ap sends an
abelian group A to a morphism FUA — A that takes the elements of an element of FUA (a
collection of arbitrary un-concatenated elements of A) and multiplies them all together to get
an element of A. This is conceptually similar to the power set monad, in that the unit "wraps" a
set (x — {x} vs. x — {Dbasis element x}), whereas the multiplication gives us a way to reduce
several elements at the same level (set of sets — set of union of sets vs. set of elements of
abelian group — sum of elements in abelian group). This similarity comes from the fact that

both monads involve Set as the base category.

Given a monad T = (T, u,7) on C, an algebra over T, or a T-algebra, is an object X € C
along with a morphism f : TX — X such that fyx = idx and f(Tf) = fux. In the power set
monad on Set, for instance, an algebra is an assignment to each subset S of a given object X an
element f(S) such that f({x}) = xand f({f(Sx)}) = f (U Sr). A morphism of T-algebras
(X, f) — (Y,g) is a morphism « : X — Y where the obvious square commutes: ¢(Ta) = af.
Thus, any monad T on C gives us a category C! of T-algebras, known as the Eilenberg-Moore
category of T. While there is no natural choice of map TX — X (we have to choose a T-algebra
structure), there is a natural map py : T2X — TX giving TX a T-algebra structure. The functor
FT : C — CT sending X to the algebra (TX, ix) is known as the free algebra functor, and the
subcategory of CT consisting of the free algebras is known as the Kleisli category Cr.

The free algebra functor FT : CT — C s left adjoint to the forgetful functor CT — C, (X, f) ~
X. The counit of this adjunction is the natural transformation u : T> — T and the unit is
n : 1 — T. In this way, not only does every adjunction generate a monad, but every monad

comes from an adjunction.

1.2 Monoidal Categories

Motivation Many families of objects that naturally assemble into categories can be endowed

with additional operations. Some motivating examples, some of which we have already seen:

* (Monoidal structure) Given two R-modules M and N, their tensor product is the module
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M ® N, unique up to isomorphism, such that bilinear maps ¢ : M x N — P are naturally
in bijection with maps M ® N — P. The operator ® can be extended to a bifunctor

R-Mod x R-Mod — R-Mod, and equips R-Mod with the structure of a monoid.

¢ (Cartesian closed structure) Every function of the form f : X X Y — Z in Set is equivalent
to a function of the form X — Homse (Y, Z) via currying. Similarly, in the category
CGWH, the adjunction — x X 4 —% allows us to identify maps Y x X — Z with maps

Y — (X — Z) in a manner entirely internal to CGWH.

¢ (Model structure) Every morphism in Top can be factored as a fibration followed by a cofi-
bration [ ]. Any morphism which is both a fibration and a cofibration is a weak
equivalence, inducing isomorphisms on all higher homotopy groups. The fibrations and
cofibrations on Top tell us what we need to know in order to do homotopy theory, and by
defining fibrations and cofibrations in arbitrary categories, we may do homotopy theory

in categories other than Top.

¢ (Enriched structure) Every hom-set in R-Mod is an abelian group in a natural way: the
identity is the zero map 0(m) = 0, and addition is given by (¢ + ¢)(m) = @(m) + p(m).
Composition is a bilinear map oxyz : R(X,Y) x R(Y,Z) — R(X,Z) as well, so we say
that R-Mod is enriched over Ab.

e (n-categorical structure) In Cat, morphisms are functors. The set D¢ of functors C — D
is itself a category, with natural transformations as morphisms; we can therefore say that

Cat has not just hom-sets but hom-categories.

¢ (Abelian structure) In many categories enriched over Ab, such as R-Mod, morphisms have
kernels, images, cokernels, and coimages; we can correspondingly find quotient objects

and speak of the homology of chain complexes. [ I

* (Topological structure) Diff admits a natural notion of a covering, in which a function
family {M; — M} covers the smooth manifold M if the images of all functions form an
open cover of M [ ]. It is possible to extend this notion of a

covering to the notion of a topology on a category, known as a Grothendieck topology.
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We will use these examples to construct a few hierarchies of structures that can be placed on
(arbitrary) categories. Enriched categories, in particular, give us a way to replace the hom-sets
of a category C with hom-objects in a category V with some additional structure necessary to
define composition; n-categories are examples of enriched categories, and abelian categories

are categories enriched over Ab with some additional niceness properties.

R-Mod is a very useful case study. Not only does the tensor product give it a monoidal
structure, but every R-Mod is enriched over Z-Mod = Ab in a manner compatible with the
monoidal structure on Ab: the composition map oxyz : R(X,Y) x R(Y,Z) — R(X,Z) is a
bilinear map in Ab, and hence can be reduced to a single arrow R(X,Y) ®z R(Y,Z) — R(X, Z).
So, hom-sets in R-Mod are objects in Ab, and composition in R-Mod is described by morphisms
in Ab in a manner compatible with Ab’s monoidal structure. In general, any category C whose
objects and morphisms can be described by a "monoidal category" V in a similar manner is said

to be enriched over V.

Our discussion of monoidal categories and enrichment is based largely off of [
, , ], with extra details pertaining to structures in monoidal

categories based off of Coecke’s articles [ , I

1.2.1 Definitions

Monoidal Categories A monoidal category is a category C equipped with a functor ® :
C x C — C known as the tensor, a specific object I known as the unit, and a set of natural

isomorphisms:

* n:—1®(—®—3) = (—1® —2) ® —3, known as the associator.

* AM:I®—= —andp: —®I = —, known as the left and right unitors.

e Optionally, 0 : —1 ® —) = —» ® —1, known as the commutator, in which case C is known

as symmetric monoidal.



Definitions 18

We require that the following diagrams commute: first, the pentagon identity

(WeX) oY) Z XXX WeX) o (Y 2) MY We (X& (Y ® Z))
aw/X/y@idzl Tldw Qaxy,z

We (XaY)®Z » W ((X®Y)®2Z)

AW, X®Y,Z

and then the triangle identity

X®Y
PX@V WAY

(XRD)®Y 'y X®(IRY)

XX,1Y

If o exists, we demand that it satisfy the hexagon identity

X,(Y®Z)

(X0Y)®Z 2 xo(Yez) Y% (Yo z) o X
U'X,y®idzl l“Y,Z,X

YeX)®Z w7 Y®(X®Z)dm>ZY®(Z®X)

as well as that ox y o 0y x = idxgy. If all of these isomorphisms are in fact equalities, e.g.
(X®Y)®Zand X ® (Y ® Z) are always the exact same object, then C is known as strong

monoidal.

Two common families of monoidal categories are the cartesian monoidal categories, those of

the form (C, x, 1), and cocartesian monoidal categories, those of the form (C, I1,0).

Monoidal Functors A functor F between symmetric monoidal categories (C, ®, I) and (D, ®, I)
is monoidal if there is a natural isomorphism ® : (F—1) ® (F—) = F(—1 ® —) as well as an

isomorphism ¢ : Ip — Fl¢, such that the following diagrams commute for all elements:

Dy y®idp Pxsy,z

(FX®FY)®RFZ “SFXQY)9FZ 5 F(X®Y)® Z)
DCFX,FY,FZl lpﬂéx,y,z

FX® (FY®FZ) —o FXOF(Y©Z) 5 F(X® (Y8 2)

1drpx ® X,Y®Z
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Ip®FX — %, Fx FX ™  rxolp
4)®idpxl TF)\X FPXT Tid]sx ¢
Fle ® FX —— F(Ic © X) F(X®Ic) «—— FX® Flc
@i x Dy, 1

If we want F to preserve symmetry, we require the additional diagram

OFX,FY

FX®FY —— FY®FX

q’x,yl lq)y,x

F(X®Y) — F(Y®X)

oxy

This is sometimes called a strong monoidal functor, due to ® and ¢ being isomorphisms; a
triplet (F, ®, ¢) in which ® and ¢ aren’t necessarily so is known as a lax monoidal functor.
Given monoidal functors (F,®,¢), (G, ¥, ) : C — D, a natural transformation « : F = G is

a monoidal natural transformation if the following diagrams commute:

FX ® FY 2% 6X @ GY

Ip
d)x,yl l‘fx,y ¢l &

Categories of Monoidal Categories Let MonCat be the category of monoidal categories and
(strong) monoidal functors, with the variant SymMonCat having symmetric monoidal cate-
gories and symmetric monoidal functors.

The structure of SymMonCat resembles that of Ab more than that of Cat (a review is given
in [ ]): the terminal category 1 = {x}, equipped with trivial symmetric
monoidal structure, has exactly one morphism to every other symmetric monoidal category
up to monoidal natural isomorphism (it sends * to something isomorphic to the unit of the
codomain), and exactly one morphism from every other symmetric monoidal category, and is
therefore a zero object of SymMonCat.

Furthermore, the categorical product C x D of symmetric monoidal categories has a natural
(strict!) symmetric monoidal structure, with (X,Y) @ (X, Y') = (X ® X', Y ® Y'); it is not only
the product in SymMonCat but the coproduct as well (for finite collections), being equipped with
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inclusions X € C+— (X, Ip), Y € D+ (I, Y).

1.2.2 Additional Structures

For this subsection, we fix a monoidal category (C, ®, I).

Closed Categories C is left (alt. right) closed monoidal if every functor of the form X ® —
(alt. — ® X) has a right adjoint, which in either case is written [X, —| and known as the internal
hom; we think of it as the set of maps from X to Y represented as an object in C itself>. If C
is symmetric monoidal, then left and right closedness are equivalent, and C is known simply
as closed monoidal. If ® = x, i.e. Cis cartesian monoidal, then an internal hom renders
C a cartesian closed category (CCC); in this case, the inner hom [X, Y] is often known as the
exponential, and written as YX, while the actual adjunction is known as currying °.

The internal hom [—, —] in a closed symmetric monoidal category is functorial in its second
argument by definition, but is also functorial in its first argument; the morphism [Y,Z] —
[X, Z] induced by a morphism X — Y is analogous to precomposition. Hence, the internal
hom is a functor [—, —] : C°P x C — C.

For an object X in a symmetric monoidal C, the adjunction X ® — - [X, —] has a counit and

a unit:

* The counit is a natural transformation ev : X ® [X, —] = —, known as the evaluation map
whose component evy : X ® [X, Y] — Y we think of as taking an element of X and a map
X — Y and evaluating the map at the element (in fact, this is exactly what ev does in

many examples, such as (Set, X, 1)).

® The unit is a natural transformation coev : — = [X, X ® —] known as the coevaluation
map whose component coevy : Y — [X, X ® Y] we think of as sending a y € Y to the map
sendingx € Xtox®@y e X®Y.

5This happens in a great deal of cases: the set of maps between two topological spaces can itself be given a

topology, the set of maps between two sets is a set (surprise!), the set of maps between two R-modules...
®In computer science, currying is the partial evaluation of functions, e.g. taking the binary function f : X x Y —

Z and plugging in a fixed x to get a unary function fy, : Y — Z,y — f(x,y); this operation is itself a function
Hom(X x Y,Z) — Hom(X,Hom(Y, Z)), Ax,y.f (x,y) — Ax. (Ay.f(x,y)).
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When C has terminal objects and binary products, the category of presheaves C is cartesian

closed: finite products are computed pointwise, and the exponential QF is given by
QP (X) = Homg (h* x P,Q)

The evaluation counit evy : Homg (h* x P, Q) x P(X) — Q(X) sends a natural transformation

a:hx x P— Qand an element p € P(X) to a(idx, p) € Q(X).

Local Cartesian Closure We call C locally cartesian closed if for every W & C the slice cat-
egory Cyy is cartesian closed. Equivalently, C is locally cartesian closed if it has pullbacks and
every f* : Cy — Cx induced by a morphism f : X — Y (which sends a morphism g : Z — Y to
its pullback along f) has a right adjoint If : Cx — Cy. This is known as the dependent product.

It is already true that f* has a left adjoint, known as the dependent sum X : Cx — Cy; this
is simply f o —, as is not hard to show. Hence, in a locally cartesian closed category we have

an adjoint triple
TN
Cx «—f—Cy
D
associated to every f : X — Y.

If C has a terminal object, then since C, = C, C itself is cartesian closed.

1.2.3 Enriched Categories

Fix a symmetric monoidal category (V, ®,I). A V-category, or category enriched over the base

category V, is a collection C = {X, } of objects, along with the following data:
* For each pair X, Y € C, an object Hom¢ (X, Y) € V known as the hom-object.
e Foreach X € C,amorphism idyx : I — Homc¢ (X, X) representing the identity morphism.

e Foreachtriplet X,Y,Z € C,amorphism oxyz : Hom¢(X,Y) @ Hom¢ (Y, Z) — Homc¢(X, Z).
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We require composition to be associative, in the sense that

oxyw © (idpome (x,v) @ 0yzw) = oxzw © (0xyz @ idome (z,w))

for all X,Y,Z, W, and we require the identity to play nicely with composition in the usual

sense, for which we require

oxxy © (ideix,y) ® idx) = PHomc (x,v)

and
oyyx © (idy ® idpom¢ (x,y)) = Momc (X,Y)

where p and A are the right and left unitors.

Enriched Functors Given two V-categories C, D, a V-functor F : C — D is a map on objects
X — FX along with, for every Hom¢(X,Y) € V, a morphism in V, Fxy : Hom¢(X,Y) —
Homp (FX, FY). We require that these morphisms commute with composition morphisms in

V, in the sense that
D _ C
OFX,FY,FZ © (Fy,z x Fxy) = Fx,z 0 °X,Y,z

and we require that the identity map I — Homc¢(X, X) composed with Fx x be equal to the
identity map I — Homp (FX, FX).

A V-natural transformation o : F — G between V-enriched F,G : C — D is defined in the
usual way, as a family of morphisms ax : I - Homp(FX, GX), but we require (ay). o Fxy =
(ax)* o Gxy. A V-adjunction F : C = D 4 G : D — Cis a natural isomorphism D(F—, —) =
Hom¢(—, G—), or equivalently V-natural transformations 7 : id — GF and ¢ : FG — id satis-

tying the zig-zag identities.

The set of V-categories along with V-functors forms a category of V-enriched categories,
which we will call V-Cat. We may construct a functor (—)o : V-Cat — Cat sending a V-category
C to the ordinary category Cy which has all the same objects as C, but whose morphisms X — Y

are morphisms I — Hom¢ (X, Y) in V. Composition of morphisms f : X =+ Y, ¢:Y — Zin Cp
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is given by the morphism

1219178 Home (X, Y) ® Home (Y, Z) 2% Home (X, Z)

The Enriched Yoneda Lemma When V is symmetric monoidal and closed, we can consider it

as a V-category V:
e The hom is given by Homy (X, Y) = [X, Y]

e The composition oxyy : [X, Y] ® [Y, Z] — [X, Z] is given by the adjunct of the morphism

eVX®id [Y,Z

XX Y)e[,z] —yvely, 7]z

e The identity elements idy : I — [X, X] are the adjuncts of the left unitors Ax : [ ® X — X

With this special V-category, we can express the representable functors as enriched functors:
for any V-category C and any X € C, there is a V-functor Hom¢ (X, —) : C — V sending each
Y € Cto Hom¢(X,Y) €V, and equipped with V-morphisms

Hom¢ (X, —)y,z : Homc (Y, Z) — [Homc(X,Y), Hom¢ (X, Z)]

adjunct to the composition morphisms oxyy of C. Similarly, the V-functors Hom¢(—, X) send
Y € Cto Homc(Y,X) € V, and their V-morphisms are those adjunct to oyzx. Hence, the
functor Homc : C;¥ x Cp — V is V-functorial in both arguments.

Take a V-natural transformation « from Homc (X, —) to a V-functor F : C — V; thisis a family
of morphisms ay : I — [Hom¢ (X, Y), FY] in V, which by adjunction is equivalently a family of

morphisms &y : Hom¢(X,Y) — FY. The composition
idX Xy
I — Hom¢ (X, X) — FX

sends « to a morphism I — FX in V, i.e. an element of FX. The enriched Yoneda lemma
says that this operation is a bijection between V-natural transformations Hom¢ (X, —) = F and
elements of FX. The proof relies on some technicalities we have neglected to mention here, but

which can be found in the first chapter of [ ].
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1.2.4 2-Categories

Definition and Consequences A 2-category is a Cat-category, or a category enriched over
the (cartesian closed) category of small categories’. Hence, for every X,Y in a 2-category C,
Hom¢(X,Y) is itself a category, which we will denote C(X,Y). Objects of this category are
1-morphisms, and morphisms of this category, or morphisms between 1-morphisms, are 2-
morphisms; they are denoted as double-tailed arrows =, just as natural transformations (the
2-morphisms in Cat when considered as enriched over itself). Composition of morphisms is a
functor oxyz : C(Y, Z) x C(X,Y) — C(X, Z), and each hom-category C(X, X) is equipped with

an object idx serving the role of the identity morphism on X.
There is a associativity identity for composition

idc(y,z) Xowxy
(Y,2) 6

C(Y,Z) x C(X,Y) x C(W, X) (Y,Z) x C(W,Y)
oxyz X idc(w,x)l lowyz
C(X,Z) x C(W, X) » C(W, Z2)

OWXZz
owxz © (oxyz X idC(W,X)) = opyz © (owxy X idC(Y,Z))
for triplets of morphisms W Lx&yhz

Because composition is now a functor, it is capable of acting on maps as well, immediately
leading to new constructions. For instance, oxyz will act not only on a pair of 1-morphisms,
or an object (g, f) € C(Y,Z) x C(X,Y), but on a morphism of the product category, say (8 :
g =g, ,a: f = f), toyield a 2-morphism B« : ¢f = ¢'f’. This operation is known as
horizontal composition. In the case that « = id, we simply write the 2-morphism as f, and

call it composition by whiskering:

g 8f
f s . 3
' g'f

"Technically, this is a strict 2-category, to be distinguished from the weak 2-categories where properties of 1-
morphisms only hold up to 2-isomorphism rather than on the nose. The term 2-category is often used in the latter

sense.



25 2-Categories

This is associative, as is made clear by the composition associativity identity:

(X,Y,Z2) (Y,Z)
(h/g//f:} (I’l,g;)/)
o xid
4:@‘/-} / wxy xidegy z) > +/
Ahg.f) (hg'f)
(W, X, Y) 4 w,Y) |
idC(W,X) Xoxyz owyz
(%,2)
(hg.f) /

+ : OWXxz
(hg'.f)

In particular, if given two pairs of 1-morphisms f, f' : X — Y, ¢,¢’ : Y — Z and a pair of

(W, X)

2-morphisms & : f = f/,B: ¢ = ¢, whiskering ¢f along B and then along & will yield the
same result as whiskering it along a and then along p. In other words, we have a commutative

diagram:

gfégf

gﬂ‘ﬂ Mg o
sf' = g'f

There is also a diagram verifying that the identity acts as it should:

x x C(X,Y)
ldXXIdCXYl % M lldcxy xidx
) x C(W, X) ) x C(X, X)

2-Functors When presenting a kind of mathematical object as a collection of types of data
subject to certain coherence conditions, the categorical notion of a morphism between objects
will be a collection of maps between each type of data which collection preserves all coherence
conditions. This is sufficient for instance to come to the proper notions of a functor between

categories and a natural transformation between functors, but one can go no further: a mor-
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phism between natural transformations a, 8 : f = ¢ : F — G would have to be either a simple,
boring identification, or a map between morphisms fx and gx : FX — GX, but without a notion
of morphism between morphisms there is no natural definition. So we only have two "levels"

of morphisms: functors and natural transformations.

2-categories provide us with such a notion, allowing us to define a morphism of natu-
ral transformations, and hence find a third level: modifications are, roughly, families of 2-
morphisms between the families of 1-morphisms defining natural transformations. However,
2-categories have more data than 1-categories, and we have to upgrade the notions of functor

and natural transformation to accommodate this.

A 2-functor F : C — D is a mapping of objects of C to objects of D along with, for every pair
X,Y € C, a functor Fxy : C(X,Y) — D(FX,FY). We have Fxxidx = idrx and Fxz 0 0%y, =
O?X,FY,PZ o (Fyz x Fxy); the second diagram implies functoriality for not only horizontal but

vertical 2-morphism compositions.

A 2-natural transformation between 2-functors F,G : C — D is a family of 1-morphisms
kx € D(FX,GX) which are not only natural on 1-morphisms ¢ : X — Y in the sense that
ky o Fg = Gg o kx, but natural on 2-morphisms « : § = h between objects X and Y in C in the
sense that (Ga)xyx = xy(Fa).

A modification E between 2-natural transformations yu,v : F = G : C — D, written as
E : u = v, is a C-indexed family of 2-morphisms Ex : ux — vx natural with respect to
whiskering, in that (Gf)Ex = Ey(Ff) for all 1-morphisms f : X — Y, and natural with respect

to horizontal composition, in that (Ga) « Ex = Ey * (Fa) forall 2-cellsa: f = ¢: X — Y.

Just as we can obtain a new 1-category from the functors and natural transformations be-
tween two 1-categories, we can obtain a new 2-category from the 2-functors, 2-natural trans-
formations, and modifications between two 2-categories. In fact, the category of 2-categories,
2-Cat, is cartesian closed; hence, not only is it enriched over itself, but it is possible to enrich
other categories over 2-Cat 8. These are (strict) 3-categories, the first example of which is the

category 3-Cat = 2-Cat-Cat of 2-Cat-enriched categories.

8Furthermore, there’s a 2-categorical version of the Yoneda lemma and embedding, which gives rise to 2-
presheaves and a theory of Grothendieck 2-topoi and so on. We will not study these, preferring instead to skip

straight to co-topoi.
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Adjunctions Recall the counit-unit definition of an adjunction of functors: for L : C — D and
R :D — C, we write L 4 R if there are natural transformations € : LR = idp and  : id¢ = RL
such that (eL) o (Ly) = idy and (Re) o (yR) = idg. This definition, being based entirely on the
1 and 2-morphisms of Cat, easily generalizes to an arbitrary category.

Given 1-morphisms [ : X — Y and r : Y — X in a 2-category C, we say that / is left adjoint
to r and r right adjoint to /, again written [ - r, if there exist 2-morphisms 7 : idx = rl and
€ : Ir = idy such that (el) o (Iy) = id; and (re) o (yr) = id,.

This is often expressed as an equality between the diagrams on the left and right:

Y Y Y
/UW \r\ We/ l(g'}l
X X X
X X X
P N 7
Y Y Y

The relations between the elements of this diagram are preserved by 2-functors, implying
that 2-functors between 2-categories preserve adjunctions. Furthermore, given morphisms
1: X —=>Y,l':Y = Zr:Y — X, : ZtoY such that! 4 rand I’ - v/, pasting the corre-

sponding diagrams together shows that ¥’ o r I’ o I as well; that is, adjunctions compose.

There is a notion of morphisms between adjunctions: given adjunctions and morphisms of

the form
l

X717Y

—
l/
) A
X 1Y

’,/

we can define a notion of a 2-morphism going from I - r to I’ 4 . There seems to be
either a left way to do this, as a 2-morphism « : yl = I'x, or a right way, as a 2-morphism
xr = t'y. However, by pre- and post-composing with the unit and counit, we obtain a one-

to-one correspondence sending a 2-morphism going in one direction to its mate going in the
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other direction; a 2-morphism I < r — I’ 4 7’ is then a mate pair. This allows us to associate
to C a new 2-category of adjunctions in C, denoted Adj(C), with objects given by objects of C,
1-morphisms X — Y given by, say, left adjoints X — Y, and 2-morphisms between adjunctions

given by mate pairs.

1.2.5 Ends and Coends

CITE: (Co)end Calculus

Dinatural Transformations Given a pair of functors F, G : C°°? x C — D, a natural transfor-
mation & : F = G is simply a class of D-arrows {axy : F(X,Y) = G(X,Y)}x yec such that, for
apair f: X' - X,g:Y — Y in C, we have ax y o F(f,g) = G(f,g) o axy. In other words,

the following diagram commutes:

F(X,Y) % G(X,Y)
Fifg)| |etrg)
F(X,Y") XY 6(xX,Y)

A dinatural transformation F = G, however, is a family {ax : F(X, X) — G(X, X) } xec such

that the following hexagon commutes for any arrow f : X — Y-

F(X,X) =5 G(X,X)

X \G(X,f)

F(Y,X) G(X,Y)

F(YJ)\ %(LY)

F(Y,Y) —— G(Y,Y)

where F(f, X) : F(Y, X) — F(X, X) is the arrow obtained by identifying F : C°P x C — D with
F': C — [C°,D] as F/(X)(—) = F(—, X), or equivalently just F(f,idx), and likewise for the

other arrows.
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Denoting by Az : C°P x C — D the constant functor (X,Y) +— Z, we define a wedge for G to
be a dinatural transformation Ay = G, i.e. a family of morphisms ax : Z — G(X, X) such that
G(X,f)oax =G(f,Y)oayforall f: X — Y. Given twowedgesa : Az == Gand f: Ay =G,
a morphism k : Z — Z' suffices to define a morphism of wedges « — B if ax = Bx ok for all

X € C. This gives us a category Wd(G) of wedges for G.

Dually, a cowedge for a functor F : C°° x C — D is a dinatural transformation F =0 Ay,
or a family of morphisms ax : F(X,X) — Z such that ax o F(f,X) = ay o F(Y, f) for all
f : X — Y. Defining morphisms of cowedges similarly: k : Z — Z' defines a morphism o« — B

if koax = Bx for all X € C, we have a category Cwd(F) of cowedges for F.

G(X, X) F(X,X)
ax G(X, F(f,X ax
/' \(f) (V \
Z G(X,Y) F(Y, X) Z
m %om F(Y,f)\ /
G(Y,Y) F(Y,Y)

A natural transformation ¢ : F = G of functors C°P? x C — D yields a functor Wd(F) —
Wd(G) as follows: a wedge a : Az = F extends to a wedge (¢pa)x = ¢x x o ax, and we can

verify that

G(X,f)opxxoax =@xyoF(X,f)oax = ¢xyoF(f,Y)oay =G(f,Y)opyyoay

In other words, the large diamond below commutes because not only does the small diamond
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commute by definition, but the outer trapezoids commute by naturality.

G(X, X)
V TR)
~
Z F(X,Y) — oxy — G(X,Y)
P
N ()
F(Y,Y) i
G(Y,Y)

Definitely if a morphism « — B of wedges is induced by ak : Z — Z/, then ¢x x oax =
px,x o Bx ok forall X € C, so the map is functorial. Dually, the natural transformation ¢ : F =

G yields a functor Cwd(G) — Cwd(F), (a¢)x = ax © ¢x x-

Coend Calculus The end of a functor F : C°°? x C — D is, if it exists, the (unique up to
isomorphism) terminal object of Wd(F). This object, end(F), includes in its definition an object
Z € D, which we often call the end itself. The coend of F is the initial object coend(F) of
Cwd(F). Taking ends yields a functor [C°P x C,D] — D, and likewise taking coends yields a
functor [C°P x C,D]°P — D.

The integral notation for (co)ends is defined as follows:
XeC
end(F) = / F(X,X)  coend(X) = / F(X, X)
XeC

though we often just write [, F and [ XF. The operation of end on a natural transformation

¢ : F = Giswrittenas [, ¢: [ F— [,G.

We state without proof the basic rules of the (co)end calculus, a set of rules for manipulating

and calculating coends.
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(Commutativity with Hom) Let F : C°P? x C = D, and Z € D. We have

Homp (/X F(X,X),Z) o~ /XHomD(F(X,X),Z)

and
Homp (Z,/X P(X,X)) ~ /XHomD(Z,F(X,X))

(Commutativity with limit preserving functors in general) If F : C°? x C =+ D,and G: D — E

commutes with limits, then

G/XF(X,X) :/XGF(X,X)

(Fubini rule) Let F : (Cx E)°P x (C x E) = C° x C x E°? x E — D, with dummy variables
X € Cand Y € E. Then

/ F(X,X,Y,Y)%/ /F(X,X,Y,Y)%//F(X,X,Y,Y)
(X)Y) XJY Y JX

and likewise for coends.

(Natural transformations) Let F, G be functors C — D. Then
/ Homp (FX, GX) 2 Nat(F, G)
X
(Ninja Yoneda lemma) Let F : C°P — Set, and G : C — Set. Then

Y
/ FY x Hom¢(X,Y) & / [FY,Homc (Y, X)] & FX
Y

Y
/ GY x Homc (Y, X) = / [GY, Homc (X, Y)] & GX
Y

Let C be a V-category, for instance with V = Set (so that C is locally small). Tensoring, or
copowering, is a functor ® : V x C — C, traditionally written infix, such that for A € V,
X € ¢, Homc(A ® X, Y) = Homy (A, Hom¢(X,Y)), this isomorphism being natural in A, X,
and Y. Cotensoring, or powering, is a functor th: VP x C — C such that Hom¢(X, A M Y) =

Homy (A, Hom¢ (X, Y)), these isomorphisms again being natural.
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In the case that V = Set and the requisite limits exist in C, it is always possible to choose the

following tensor and cotensor:

ANX=]]X AoX=]]X
A A

1.2.6 Kan Extensions

Let F: C =+ Dand G : C — E. In many natural cases we would like to extend G along F to
obtain a functor H : D — E such that HF = G, though this isn’t always possible. The next best
thing is to come up with a functor K bearing some universal property with respect to F and G.
There are two natural universal properties, which result in the left and right Kan extensions.

A left Kan extension of G along F is a functor K : D — E along with a natural transformation
a : G = KF such that for any other K’ : D — E and &’ : G = K'F, there is a unique natural
transformation B : K = K’ such that a factors through « and B. This pair (K, «) is unique by

the universal property, and is denoted as LanrG.
4 E

C G s E C ¢ /
wb g PR

Dually, a right Kan extension of G along F is a functor K along with a natural transformation

-

=

K=Lanr G

« : KF = G universal in the dual sense.

C C s E — C s E
F K’ F &
D D

K=Ranr G

When everything that must exist does, we can compute the left and right Kan extensions as
X
(LanyG)Y = / Homp(FX,Y) © GX  (RanyG)Y = / Homp (Y, FX) th GX
b'¢

Consider for instance the case E = C, G = id¢. Left Kan extension of id¢ along F must yield a
functor K : D — C along with a universal natural transformation ax : X — KFX; K will be a

right adjoint of F. Dually, Ranrid¢ will be a right adjoint of F if it exists. So,if F : C — D has a
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left adjoint L or a right adjoint R, we can compute L or R as

Ly = / Homp (FX,Y) @ X = / [[ X Rr= /HomD (Y,FX) i X = / I x
FX—Y XFX>Y
Kan Extensions as Adjoints There is another sense in which we may view Kan extensions:
fix F : C — D. For any category E, precomposition with F gives us a functor F* : EP — EC
sending H : D — E to HF : C — E. The left Kan extension along F is, if it exists, identical to
the left adjoint L : E¢ — EP of F*, such that natural transformations LanrG = H are in natural
bijection with natural transformations G = HF. The right Kan extension along F is the right
adjoint R : E¢ — EP of F*, with natural transformations HF = G being in natural bijection
with natural transformations H = RangG. The natural transformations « used in the above

definition are the unit and counit of these adjunctions.

Lany 4 F* 4 Ranfp

The basic idea may be expressed as follows: We have F : C — D, and G : C — E, and we
want to find the H : D — E that solves the "equation" G = HF. So, we have to invert the act of
precomposing with F! If F were an equivalence, we could do this as in basic algebra, writing
H = GF~! (up to natural isomorphism). It usually isn’t invertible, though, so we have to settle
for the next best thing to the inverse of precomposing with F, which would be an adjoint to
precomposition. Hence, given the equation G = HF for known G and F, Kan extensions try
to find the H that is closest to a solution. If we want the "most general” solution, the one that
every other possible solution must necessarily factor through (such that this solution solves
the "totality" of the problem), we go with the right Kan extension, and if we want the "most
efficient" solution, the one that must necessarily factor through every other solution (such that

this solution solves the "core" of the problem), we go with the left Kan extension.

Kan Lifts The dual to Kan extensions is given by posing the problem G = FH, the next
best thing to a solution for which would be finding an adjoint to the postcomposition functor
F. : C® — DB, which sends G : B — Cto FG : B — D. Its left and right adjoints, should they
exist, are known as Kan lifts along F, denoted Liftr G and Riftr G.

So we have a pair of dualities: between Kan extensions and Kan lifts, and between left and
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right Kan extensions/lifts. This is best understood by noting that Cat is a 2-category, and that
being a 2-category is all that is necessary to define Kan extensions and lifts (a left Kan extension
ofalcell G: X = Zalongal-cell F: X = Yisal-cell K:Y — Z equipped with a 2-cell
« : G = KF such that ...). In a 2-category C, there are two kinds of opposites: the first flips the
1-cells, and is denoted as C°P, whereas the second flips the 2-cells, and is denoted as C*°. Kan
extensions in C are Kan lifts in C°P, and vice versa, whereas left Kan extensions/lifts in C are

right Kan extensions/lifts in C.

—iftrG
C < y E o E—— A B
\\ /;1 /;\
R‘ ?// —aan R \\%
D D

Day Convolution We now give an important example of a Kan extension. Given a small
V-enriched monoidal category (C,®,1), we may define an external tensor product —®@— :
VE x V& — VEXC by (FRG)(X,Y) = F(X) ®y G(Y). ® is itself a functor C x C — C, and
precomposition by it defines a functor V¢ — V¢*C. This functor’s left adjoint is known as the

Day convolution  : V¢ x V¢ — V©.

We can fix F,G € V¢ to get a functor F®G : C x C — V; taking the left Kan extension of this

functor along ® gives us the Day convolution F * G, and we can therefore compute it as

XY
FxG= Hom¢(X® Y, —) @y F(X) @y G(Y)

Day convolution turns V¢ into a monoidal category, with the Yoneda (co)embedding & : C —
VE, X — (Y = Homc¢(X,Y)) a monoidal functor.

Yoneda Extension One particularly important class of Kan extensions is given by extensions
of functors F : C — D along X¢ : C — C, yielding functors of the form Lan y Fe C — D. Lan %
extends F from a functor on objects of C to a functor on presheaves on C. When C is small and D

cocomplete, this extension always exists, and is known as the Yoneda extension of F.
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1.2.7 Accessibility and Presentability

We are often prevented from studying certain properties of categories due to set-theoretic con-
straints, generally largeness. In many cases, though, a large category can be generated or oth-
erwise determined by a proper set of its objects, and we may study these sets to get around size
obstruction. The two most common cases are that of accessibility, where all objects can be gen-
erated via filtered colimits over a certain set of sufficiently nice objects, and local presentability,
where all objects can be generated by all colimits and all colimits exist.

These notions have a significant interplay with cardinal properties in ordinary set theory,

and we must explicate these properties first.

Cardinality First, we make a definition: A set is an object whose existence can be deduced
from an axiomatic set theory.

Clearly, this definition is useless without an axiomatic set theory to plug in. The most com-
monly used theory is ZFC, or Zermelo-Fraenkel set theory with the axiom of choice. The al-

phabet of the first-order language L of ZFC consists of

¢ The logical symbols for universal and existential quantification, ¥V and 3, as well as those
for conjunction (A), disjunction (V), negation (—), and one/two-sided implication ( =

and <).

* The non-logical symbols = and € denoting equality and set membership. These binary

relations are the primitives of ZFC.

The axioms of ZFC are as follows:

—_

. (Extensionality) If two sets X and Y have the same elements, then X =Y.

N

. (Pairing) For any two sets a and b, there is a a pair set {a,b}.

3. (Separation Schema) For any formula ¢(x) in L with one free variable x, and any set X,

thereis aset {x € X | ¢(x)}.
4. (Power Set) For any set X, there is a power set P (X) whose elements are subsets of X.

5. (Union) For any set X, there is a set U,cxx given by taking the union of all elements of X.
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6. (Infinity) There exists an infinite set.
7. (Replacement Schema) The image of a set under a set function is also a set.
8. (Regularity) Every non-empty set X contains an element disjoint from X.

9. (Choice) We can pick a single representative for each set in a family of arbitrarily large

sets through a choice function.

(The schemata each represent infinitely many axioms, one for each formula ¢; this works
around the fact that we cannot directly iterate over the formulae of L¢). For instance, the
existence of the empty set @ can be deduced from the infinite set X postulated by the axiom
of infinity and the axiom of separation for the fallacious formula ¢(x) := (x € x) A =(x € x)
applied to X. Any class (collection of sets) whose existence cannot be proved by ZFC is known
as a proper class. The prototypical example is the "set of all sets" S, whose existence is contra-
dicted by ZEC: the pair "set" {S, S} obviously has no elements disjoint from itself, violating the

axiom of regularity.

The Von Neumann Universe An especially important family of sets is given by the ordinals:
an ordinal is a set & such that every x € « is a subset of &, and « is well-ordered by €. The
successor of an ordinal is given by « + 1 := a U {a}; an ordinal which is the successor of
another ordinal is known as a successor ordinal, and an ordinal which is neither empty nor a
successor ordinal is known as a limit ordinal.

The class Ord of all ordinals is well ordered by the relation & < B := & € B, so limit ordinals
can be thought of as "jumps" in this ordinal hierarchy. In fact, an arbitrary ordinal « is equivalent
to the set of all ordinals p that are less than a. The first ordinal is trivially @, and we can proceed
to define the von Neumann ordinalsas 0 = @, 1 = {0} = {@},2={0,1} = {2,{2}}, and so
on. The first limit ordinal is the limit of the von Neumann ordinals, w = {0,1,2,...}.

Using ordinals, we can construct a cumulative hierarchy {V,} of sets, which is built up in
stages, one stage for each ordinal number. We start by defining Vj as @ and, for each successor
ordinal a + 1, define V, ;1 := P (V). For each limit ordinal 8, we define Vg := |, g Ve Finally,
we define the (proper) class V' to be the union of all stages: V := (J, Vi. The rank of a set is
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defined to be the ordinal at which it is introduced in this hierarchy. This is the standard set-
theoretic approach to building a universe of sets, and is useful in discussing the category Set
of sets — which, by definition, is dependent on one’s idea of what a "set" is supposed to be. In

other set theories, e.g. ZFC with additional axioms, we will have a different Set.

Large Cardinals Bijection is an equivalence relation on the proper class of all sets; naively,
we may quotient the proper class of sets by this relation to obtain a notion of the cardinality, or
size, of a set. Unfortunately, the equivalence classes are not in general sets. A slightly subtler
definition which relies on the axiom of choice fixes this: a cardinal is an ordinal that is not
in bijection with any of its proper subsets. The cardinality |S| of a set S is the least ordinal «
admitting a bijection with S.

The natural numbers are all cardinals, and w is the first infinite cardinal; since |w| = |w +
1| = ..., we write this cardinal as ¥ rather than w, though cardinals still admit well-orderings
as ordinals.

An important property of a cardinal « is its cofinality cf(x), defined to be the smallest car-
dinality among the subsets of « all of whose sets have maximal cardinality in «; the defini-
tion generalizes to any well-ordered set, ordinals in particular. Example: the cofinality of any
nonzero finite ordinal is 1. An ordinal a such that cf(x) = « is known as a regular ordinal; for
instance, all successor ordinals are regular.

Cantor’s theorem states that |S| < |P(S)| for every set S ?, giving us an infinite hierarchy
of cardinals Jy := N, 3, = 271 := |P(3J,_1)|. Another infinite hierarchy is given by the
successor cardinal operation, which associates to a cardinal x the next largest cardinal x™; we
have N, .1 = N;. ®j and the natural numbers are the only countable cardinals; all other
cardinals are called uncountable. A successor cardinal is a cardinal which is some cardinal’s
successor. As with ordinals, we can define limit cardinals, but we must define two flavors: a
weak limit cardinal « is a cardinal which is neither a successor cardinal nor zero. A strong limit
cardinal A is a cardinal such thatp < A = 2f < A.

Strong limit cardinals are weak limit cardinals, since obviously p+ < 2¢, and Ny is the first

9Proof: suppose there were a bijection f, use replacement to construct theset T = {s € S | s ¢ f(s)} € P(S),
and attempt to find an s € S with f(s) = T; wehaves € T <= s ¢ T, a contradiction.
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strong limit cardinal. For limit ordinals A, we define X, := (J,.) Xy, which is in general a weak
limit cardinal.

So far, we have stayed within what is provable from ZFC alone. However, weak limit cardi-
nals are as far as ZFC can go; in this sense, such cardinals measure the "strength" of ZFC. We
may postulate stronger conditions on the size of a cardinal x, but there is no guarantee that ZFC
can prove the existence of k. Such cardinals are known as large cardinals. The first condition,
or large cardinal property, is given by inaccessibility: a cardinal x is weakly inaccessible if it
is an uncountable regular weak limit cardinal, and strongly inaccessible if it is an uncountable
regular strong limit cardinal.

ZFC can neither prove nor disprove the existence of weakly or strongly inaccessible cardi-
nals; in fact, the existence of a weakly inaccessible cardinal would prove the consistency of
ZFC.

Accessibility and Presentability For a regular cardinal x, we define a x-directed set to be a
poset P in which every subset of cardinality at most x has a join. A x-directed colimit in a
category C is defined to be the colimit of a functor from a «x-directed set to C, and an object
X € Cis defined to be x-compact when Hom¢ (X, —) preserves k-directed colimits.

A locally small category C is defined to be x-accessible if it has all x-directed colimits, and
there is a proper set S of k-compact objects such that every object X € Cis the x-directed colimit
of a set of objects in S. C is just accessible if there exists some regular cardinal « for which C is
k-accessible. An accessible functor between accessible categories C, D is a functor F such that
there exists a regular « for which C, D are both k-accessible and F preserves k-directed colimits.

An accessible category Cis locally presentable if it has all colimits. Hence, there is a regular «
such that all objects in C are generated by a proper set S of k-compact objects via taking directed
x-colimits. If the cardinal x is Xy, countable, then C is known as locally finitely presentable. Set
is a locally finitely presentable category, as every set is the colimit over the directed set of its fi-
nite subsets: hence, we can take the Ry-compact set to be IN. For any locally finitely presentable
category C and small category D, the functor category CP is locally finitely presentable as well,
as colimits are computed pointwise; in particular, all presheaf categories over small categories

are locally finitely presentable.



Chapter 2

Topos Theory

2.1 Topos Theory

CITE: Handbook of Categorical Algebra Vol. 3, Sketches of an Elephant

Notation Throughout, we will let & be an elementary topos with subobject classifier () and
true morphism ¢ : 1 — (). Exponentiation will be denoted by the functor —* : E%° x & —
&, or sometimes by the functor [—1, —;]. By adjunction we have a system of isomorphisms
waxp : E(AxX,B) = &(A,[X,B]) natural in all variables; the counit is an isomorphism
[X,B] x X — B known as the evaluation morphism evy p, while the unit is an isomorphism
A — [X, A x X] known as the coevaluation morphism coev, x. The classifying arrow of a
monic f : A — B will be denoted either by x ¢ or char f : B — ().

We will also make use of the Iverson bracket [—], which sends a statement to its truth value.

2.1.1 Grothendieck Topoi

Direct Image Functors Consider a topological space X, and its corresponding category Sh(X)

of sheaves of sets. A continuous morphism f : X — Y generates a pair of adjoint functors:

* On the right, the direct image functor f. : Sh(X) — Sh(Y), which sends a sheaf F on X to
the sheaf (f*F)(V) = F(f~1(V)).

39
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* On the left, the inverse image functor f* : Sh(Y) — Sh(X), which sends a sheaf G on Y
to the sheaf (£.G)(U) = hﬂvzf(u) G(V).

By their adjunction, f* preserves all colimits while f, preserves all limits. f* preserves finite
limits, in fact, as it is a general fact that filtered colimits such as lim preserve finite limits. If X
and Y are sober!, such that every point x € X can be deduced from the lattice of open subsets
containing x (and likewise for Y), then in fact any such adjunction f* - f, : Sh(X) — Sh(Y)

whose left adjoint preserves finite limits comes from a continuous map f : X — Y.

An instructive case is given by setting X = {x}, the vacuously Hausdorff and hence sober
one-point space, since the category Sh(X) is equivalent to Set. Points of Y are equivalent to
morphisms X — Y, and hence equivalent to limit preserving left adjoints f* : Sh(Y) — Set.
On the other hand, the fact that X is terminal in Top gives us a unique functor f, : Sh(Y) — Set
for any morphism f : Y — X; this is the global sections functor, and its inverse image is the

constant sheaf functor.

Geometric Morphisms Let & = Sh(C,]) and ¥ = Sh(D, K) be Grothendieck topoi. An ad-
junction f* 4 f, : & — F with f* preserving finite limits is known as a geometric morphism
& — ¥, with f* and f. being called the direct and inverse images, respectively. This will be
the topos-theoretic generalization of the above observation that morphisms f : X — Y gen-
erate adjoints f* - f. : Sh(X) — Sh(Y). Similarly, we define a point of & to be a geometric
morphism p : Set — &. We form Grothendieck topoi and their geometric morphisms into a
category Topos, whose terminal object is Set; the unique morphism I' : & — Set has as its direct
image the global sections functor.

If f*, which preserves finite limits, preserves all small limits, then by the special adjoint
functor theorem it has a further left adjoint f : & — ¥, which we can compute as fiY =
1l Xeo Lfx-y X; an adjunction fi - f* H f, : & — F characterizes an essential geometric

morphism.

ISobriety is a relatively weak condition, as it is implied by Hausdorffness (and hence present for manifolds,
CW complexes, and so on); all affine schemes (and hence all schemes) are sober as well. So it holds in most

practical cases.
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Many useful properties of Grothendieck topos are defined by analogy to topological spaces?.
For instance, take X sober, and let p : Sh(X) — Set. Connectedness of X is equivalent to
fullness and faithfulness of p* : Set — Sh(X). Hence, we call an arbitrary geometric morphism
f & — F connected if f* is full and faithful, and call & itself connected if I' : & — Set is
connected (so that I'* : Set — & is full and faithful). Connected morphisms are necessarily

essential, their identifying property being that f; preserves the terminal object.

2.1.2 Elementary Topoi

An elementary topos is a category & which is cartesian closed, has finite limits, including a
terminal object 1, and a subobject classifier (). We define the contravariant power object functor

as P := ()™, which due to the hom-exponential adjunction satisfies
Subg(X xY) =&E(X xY,Q) = &E(X,PY)

As with Grothendieck topoi, the canonical elementary topos is Set; as we will see, constructions

in Set directly inspire many definitions of structures in elementary topoi.

2.1.3 Set-like Properties of Topoi

Set as a Topos Set is a topos with the following data:

The subobject classifier is given by 3 = 2 = {0,1}.

The true morphism is given by the inclusion 1 — 2.

The exponential [X,Y] is simply the set of all maps from X to Y. Hence, [—,—] =
Set(—, —).

The evaluation morphism evyy : [X,Y] x X — Y takes a map ¢ : X — Y and element

x € X and sends it to ¢(x) € Y (hence the name evaluation).

20r, more technically, locales, though we will note that sober topological spaces embed fully and faithfully into

locales.
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e The coevaluation morphism coevyy : X — [Y, X X Y] sends x to the map sending y to

X X Y.
* The classifying arrow of an inclusion f : X < Y is given by x¢(y) = [y € imf].

These examples will serve as our intuition for how these gadgets work in arbitrary elemen-

tary topoi; they will also serve as a foundation for us to characterize more "Set-like" gadgets.

Membership In Set, subsets of a set X are in bijection with morphisms X — 2: an S C X is
mapped to the morphism S(x) = [x € S]. Hence, in any topos & we define the power object
functor P = [—,Q)] : EP — &. In Set, the contravariant action sends a morphism f : X — Y
to the morphism Pf sendinga V : Y — 2 to the composition Vo f : X — Y — 2, which is
equivalent to the inverse image f~!(V); it therefore gives us an inverse image in &.

Now, evx q gives a map PX x X — Q which in Set sends U C X and x € X to [x € UJ;
in & we denote evyx o by €x, calling it the membership map (or predicate). Note that this map
is obtained by adjunction from idpyx, and we therefore call it the P-transpose of idpy; the P-
transpose of a general map f : X x Y — Q is the adjunct map wxyn(f) : X — PY, and the
P-transpose of a map g : X — PY is similarly w;(’lY’Q(g) : X x Y — Q. For convenience we

simply denote transposition by ~.

Equality Givenan X € &, the universal property of the product X x X ensures for any pair of
arrows f,¢:Y — X anarrow h : Y — X x X yielding f and g upon projection. If f = g = idy,
we get an arrow Ay : X — X x X with txAx = idx. This is known as the diagonal morphism;
if for f,g: Y — X we have Axf = Axg, then mxAxf = mxAxg and therefore f = g, forcing
Ax monic. A similar construction gives us the epic codiagonal Vx : XII1 X — X.

The classifying map of Ax is written as dx : X x X — Q. In Set, dx(x,x") = [x = 1], so x is
in general referred to as the equality map (or predicate). Its P-transpose ox : X — PX will in

Set send x € X to {x}, and is in general referred to as the singleton map.

Images Givenamonic f : X — Y, we will construct a direct image morphism 3¢ : PX — PY.
Pull t : 1 — Q back along €x to obtain a monic g : Z — PX x X. Compose g with the monic
idpx x f to getamonic Z — PX x Y, take the characteristic map PX x Y — (), and transpose
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to get a map 3¢ : PX — PY. InSet, Z = {(U,x) € PXx X | x € U}, so the monic
Z — PX x Y sends (U, x) to (U, f(x)), and its characteristic map sends (U,y) to [y € f(U)];
the transpose of this map sends U to {y € Y | y € f(U)}, justifying our interpretation of 3 as
a direct image map.

Now we will construct the image of an arbitrary morphism f : X — Y as a subobject of Y.
First, push f out along itself to get a pair of morphisms g,¢’ : Y — Y +x Y with ¢f = ¢'f. Take
the equalizer of g with g' togetamonich : Z — Y with gh = g’ h; its universal property yields
forany I’ : Z' — Y with gh’ = ¢’h’ a morphism k : Z' — Z with i’ = hk. For f, this universal
property gives an epic k : X — Z with f = hk. By the fact that this construction involves only
universal properties, this gives a factorization of any morphism f : X — Y into an epic X — Z

followed by a monic Z — Y, the latter of which is known as the image of f.

Logic We can construct many logical operators using the categorical properties of (). While
true : 1 — ) is given by definition, we may define false : 1 — () to be the classifying arrow
of the monic initial arrow 0 — 1. Negation = : () — () is given by Xfaise, A : Q2 X Q2 = Q by
ba, = : O xQ— Qby x<,and V: Q x Q — Q by (true x idg) II (idg X true).

Furthermore, we may define the existential and universal quantifiers 3 and V as "internal”
adjoints to the power object functor P. Given f : X — Y, we can construct for each Z € & a
map Homg(Z, PY) — Homg(Z, PX) in the functorial manner; an internal left (right) adjoint is
a left (right) natural inverse. By Yoneda, existence of such inverses implies existence of natural
maps ¢, V¢ : PX — PY (internally) adjoint to Pf : PY — PX.

In Set, this works as follows: 3¢(S) is the set {y € Y | 3x € X with f(x) = yand x € S}, i.e.
the direct image of S. V¢(S) is theset {y € Y | Vx € X, if f(x) = y then x € S}; there can be
no element of V¢(S) that is mapped to by an element outside of S. Consider for instance the
mapping f : Z — Z,n — n?. 37(N) will return the non-negatives, while V¢(IN) will return
{0}, as 0 is the only integer for which x> =0 = x € N.

To summarize, we have defined:
e The power object functor P = [—,Q)] : 8P — &

* The membership map €x= evy
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Transposition™: E(X x Y, Q) = &(X, PY).
* The diagonal morphism Ax : X — X x X

* The equality map 6x = xp, : X X X = Q)
e The singleton map {-}x = dx : X — PX

* The direct image map 3¢ : PX — PY

* The image factorization X — imf ~— Y

¢ The logical operators \,V, = : (A x () — O and - : QQ — Q.

The existential quantifiers V¢, 3¢ : PX — PY induced by an f : X — Y.

2.1.4 Mitchell-Bénabou Language

The language of an elementary topos & consists of the following data:
¢ For every 1 — X, a constant c of type X. This is often written c : X.
e For every X, variables {x, : X},eN-

In the interpretation of this language, a term of type X with free variables of type Xy,..., X,
will be given by a morphism X; x ... x X;; — X. The terms of the language are defined
inductively: first, we proclaim every constant and variable of type X to be a term of type X,

variables being terms with one free variable. We shall write terms as «, §3, . . ..

* true and false are terms of type (), also known as formulas; they have no free variables,

and are interpreted as their corresponding constants.

* (Membership predicate) If « : X and 8 : PX have the same free variables x1,...,x,, a € B

is a formula with the same free variables x1, .. ., x,,, interpreted as the arrow €x o(B x «).

¢ (Equality predicate) If «, B : X have the same free variables x1,...,x,, thenx = Bis a

formula with the same free variables x1, ..., x,, interpreted as the arrow dx o (a X B).
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(Application) If « is a term of type X and f : X — Y a morphism, then f(a) is a term of
type Y, interpreted as f o a.

(Composition) If « is a term of type X with free variables x, ..., x;, of types Xy, ..., Xy,
and yy,...,y, are terms of types Xj, ..., X, sharing no bound variables with «, and each
with free variables y%, .. .,y’lnl, e Y ynt, then a(yy, ..., y,) is a term of type X with

free variables y1, ..., )", interpreted as a o (IT;y;).

(Evaluation) Given a : X and B : YX, B(a) is a term of type Y, interpreted as evxy o (B X

). (Ex is a special case of this).

(Currying) Given a term « of type X with a free variable y of type Y, Ay.« is a term of type

XY, interpreted as the transpose of a.

(Logic) If ¢, ¢ are formulas, then so are ¢ = ¢, ¢ A, ¢ V P, =¢, and so on. These are

interpreted in the obvious way.

(Quantification) If ¢ is a formula with free variables y, x1, ..., x, of types Y, X1, ..., Xy,
then (Jy € Y)¢ and (Vy € Y) ¢ are formulas with free variables x1,...,x,. These are
interpreted by binding y via Ay.¢p : X; x ... X X;; — PY, and composing with the V, and
dy : PY — Q) = P1 generated by the terminal morphism p : Y — 1.

We can define further shortcuts using these symbols, such as the uniqueness quantifier 3!:

(Ax € X)(¢(x)) <= (Fx € X) (p(x) A (V&' € X)(p(x') = x =x"))

the ¢ and # predicates (x ¢ X <= —(x € X),x # ¥’ < —(x = x’)) (though —(x ¢ x) isn’t

necessarily equivalent to x € X and likewise for #), and so on. We may also rewrite quantifiers

when they are obvious from convention or usage, e.g. rewriting (Vx € X)(Jy € Y) as Vx3y
and (Vxl € X) (VXZ € X) as Vxq, x».

A formula ¢ with free variable x : X, which we may also write as ¢(x), is equivalent via

interpretation to a morphism X — (), and therefore (by Subg(X) = Homg (X, (})) a subobject
of X. We write this subobject as {x € X | ¢(x)}, or just {x | ¢}. Consider for instance the

subobject of XY given by

Inj(Y,X) = {f € X" | (Y0, ) (f(y) = f(y) = y=1)}
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which nominally classifies "injective” maps Y — X. We will translate this: the term f(y) =

f(y) = y =y isthearrow
(=) x ((0x o (evxy xevxy)) xdy)oT: XY x Y x Y = Q

where T is the purely logistical morphism morally sending (f,v,v’) to (f,y, f,v',y,y'). Call
this arrow ¢. We transpose ¢ to get a morphism XY x Y — PY, apply V, to get a morphism
XY x Y — Q, transpose to get X¥ — PY, apply V, to get X¥ — (), and then take the fibered
product with true : 1 — Q) to get the desired subobject Inj(Y, X) — XY,

We will consider two other examples: for A, B : PX, let AU B be the subobject {S € PX |
(Vs € S)(s€ AVs e B)}.

In Set, for instance, ¢ takes a map f : Y — X and two elements y,y’ of Y. It turns this
triplet into the sextuplet (f,y, f,y',y,y’) via T, applies evy y to the first two pairs to obtain the
quadruplet (f(y), f(v'),y,y), then applies x and dy to each pair to obtain the pair ([f(y) =
fW")), lv = ¥']) of truth values, which it applies = to. Transposition and application of V,
returns the morphism sending an f : X — Y to the truth of whether it satisfies ¢(f,y,y’) for
all y,y' € Y, and pullback returns the subset of all f : X — Y that do satisfy this. The internal
language allows us to reason about things such as injective functions as though they "really"
existed.

A first-order formula in & is any formula that can be formed via these rules. We may include
rules allowing for infinitary conjunction and disjunction, leading to the infinitary first-order
formulas. A geometric formula is an infinitary first-order formula that does not involve nega-
tion, implication, or infinitary conjunction; these are called geometric because their truth is
preserved by pullback along geometric morphisms f* - f, : & — F. Logical morphisms

preserve the truth of all first-order formulas.

2.1.5 Kripke-Joyal Semantics

Semantics Every formula ¢(x) with free variable x : X has a corresponding subobject {x | ¢}.
Every morphism f : U — X also has a corresponding subobject imf; if imf < {x | ¢}, such
that f factors through the subobject {x | ¢}, we say that U forces ¢ on the "generalized element"
f, written as U I+ ¢(f), where ¢(f) := ¢ o f. Given this, the following relations on I, which
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state the Kripke-Joyal semantics of &, hold:

1. U ¢(f) Ap(f) iff U I ¢(f) and U I p(f).
2. UIF¢(f) V(f) iff there arearrows g: V — U, h: W — UsuchthatgIlh: VIIW — U

is epi, with V I ¢(fg) and W IF ¢(fh).

3. UlF¢(f) = y¢(f)iffforany g: V — U such that V IF ¢(fg), V also forces ¢(fg).

4. Uk —¢(f)if for any g : V — U such that V I- ¢(fg), V is the initial object.

5. UF 3y ¢(f,y) (for some formula ¢ : X x Y — Q and generalized element f : U — X) iff
there’s an epice : V — U and generalized element ¢ : V — Y such that V I ¢(fe, ).

6. U - Yy ¢(f,y) iff for every arrow h : V — U and generalized element ¢ : V — Y we have

VIF¢(fh,g).

We say that a formula ¢(x1,...,x,) is true in &, writing & |= ¢, if the morphism 1 — Q) given
by Vx1,...,Vx, ¢(x1,...,x,) is equal to the arrow true : 1 — ), or equivalently if we have
1IEVxy, ..., Va, ¢(x1, ..., xn).

The language and semantics of a topos admit several rules for inference that we can use in
order to think about this language independent from its arrow-theoretic nature: for instance,
we have a modus ponens rule: if U |- ¢(f) and U IF ¢(f) = ¢(f), then, sinceidy : U — U
has U I ¢(f oidy) = ¢(f), it follows that U IF i (f). In general, we can carry out intuitionistic
logic, which is more or less the same as classical logic save for a lack of the PEM. So it is not

generally true in a non-Boolean topos & that & |= ¢ V =¢, nor is it true that & = -—¢p = ¢.

Axioms in Topoi There are many useful axioms we can assume our topos & to have, which

using &’s internal logic we can state precisely. We may have, for instance, the (internal) principle
of excluded middle (PEM):

EFE(Mpe)(pV-p)
If this holds, we call & a Boolean topos; in such a topos we can obtain for every subobject S — X
a complement 5¢ — X.

The internal axiom of choice (IAC) is the internal statement that "every surjection has a section”,
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which in Set really is equivalent to the axiom of choice:

& (Vf € Y5) [(Wy € V)(Ex € X)(f(x) =y) = (Fs € X¥) (W €Y) (f(s()) = ¥)]

This is strictly stronger than the PEM, but weaker than the external AC: the IAC can be true in
& without the actual statement "every surjection has a section" being true in &.

The axiom of infinity is not phrased in the internal language, but is far-reaching nevertheless:
it postulates the existence of a natural numbers object (n.n.o.), or an object N € & equipped
with two morphisms s : N — N, z : 1 — IN which is universal in the sense that for any
15X i) X, there’s a unique h : N — X with hz = x and hs = fh.

Given an n.n.o. IN, we can define an addition map + : IN x IN — IN: this is the unique map

such that the following diagram is commutative:

zX ld]N sX ld]N

IXIN — NxIN — N x N

N |+ |+

]IMI > IN * 5 NN

To get this map, apply the universal property of IN to the diagram 1 — NN — NN, where
the first map is the transpose of the identity and the second is s™; this gives us a map + :
N — NN with + oz = idy and sN o + = F o5, which by transpose corresponds to a map
+ :IN x N — IN making the above diagram commutative.

Given an n.n.o. NN, it is straightforward to mimic the construction of Z and Q. Recall that
in Set, Z is defined to be IN x IN modulo the relation that (a,b) ~ (¢,d) ifa+d = b+c. In
&, we can take the pullback of + along itself to get an object X morally representing all pairs
of pairs of integers with equal sums, along with projections 711, 1 : X — IN x IN. Taking the
two projections 71}, 75, : IN x N — IN, we quotient by the equivalence relation by taking the
coequalizer of 71) 711 X 71571> with 7t5 711 X 717712, giving us an integers object Z. We can similarly
define a multiplication * : Z — Z and use it to create a rational numbers object Q € &.

It is not as easy to get a real numbers object R, though; there are many different possible
constructions, and while these are equivalent in Set, they are not generally equivalent in ele-
mentary topoi. We shall use the Dedekind real numbers, which is the "largest" among many
popular constructions. A Dedekind cut in a topos & with rational numbers object Q is a pair of

subobjects L, U »— Q such that the following hold in &:
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(Non-emptiness) (3x € Q)(x € L) and (3x € Q)(x € R)

(Disjointness) (Vx)(—(x € LAx € U))

(Order) (Vx,y)(x <yAy€eL = yeL)and (Vx,y)(x <yAxelU = yeU)

(Dichotomy) (Vx,y)(x <y = (x € LVvy e U))

(Openness) (Vx)(x € L = (Jy)(y € LAx <y))and (Vx)(x e U = (Jy)(y €
UAy < x)).

Taking the conjunction of all of these gives a formula ¢ on PQ x PQ, the corresponding sub-
object {(L,U) | ¢} of which is known as the (Dedekind) real numbers object R.

Objects in Topoi Given an object G € &, we may stipulate internal axioms amounting to the
existence of an algebraic structure on G: for instance, suppose we equip G with a morphism
0 :1 — G and a morphism + : G x G — G written infix, and assume that & models the

following sentences:
* (V§eG)0+g=g+0=g)
o (Vg hk)((g+h)+k=g+ (h+k)).
e (Vg3h)(g+h=0).
e (Vg,h)(g+h=h+g).

This will be an abelian group from &’s point of view, and since the theory of abelian groups
can be expressed intuitionistically, objects which are abelian groups according to the internal
logic are also internal abelian groups; this holds for most similar theories, including rings and
modules.

We shall make particular use of a certain kind of object known as a Weil algebra. Given a
ring object R in a topos & (or a ringed topos (&, R)), a Weil algebra is a local ring (W, m)
with an R-algebra structure, such that W is finite-dimensional as an R-module and can be
written as the direct sum R @ m. In the ringed topos (Set,IR), Weil algebras are equivalent

to R-algebras, finite-dimensional as vector spaces, of the form C3°(IR") /I, where C5° denotes
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smooth functions vanishing at 0. For instance, C{°(IR) / (x?) is the ring of dual numbers R[e] :=
R[x]/(x?). With R-algebra homomorphisms mapping maximal ideals into maximal ideals,

Weil algebras form a category W(E).

2.2 Classifying Topoi

Given a mathematical structure T, a classifying topos for T is a topos 7~ representing the struc-
ture, in the sense that instantiations of the structure T in an arbitrary topos & are equivalent
to geometric morphisms from & to 7. This structure simultaneously generalizes the notion of
an algebraic theory, which is a category T for some sort of algebraic structure such as groups
such that product preserving functors T — C are equivalent to instantiations of the algebraic
structure in C, and the notion of a classifying space, which is a space representing a topological

structure in a similar way.

2.2.1 Algebraic Theories

Motivation Many objects studied in algebra, such as groups, can be presented as sets S along
with n-ary functions f : S" — S, satisfying certain conditions on the fi. For instance, a group
is given by a set G along with an identity, or a function fy : G = {*} — G (the existence of
which implies that G # @), a unary inversion operation f; : G! — G, and a binary composition

operation f, : G — G representing addition, all satisfying the group axioms. These are:

1. Associativity: f, o (idg X f2) = fr o (f2 x idg)
2. Identity: fao (fO X idG) = fro (idG X fo) =idg.

3. Inversion: f, o (f; x idg) o Ag ¢ = idg, where Ag ¢ sends x to (x, x).

The natural isomorphism ¢y : —; X —p = — X —1 and diagonal functor A exist in any
category with finite products. Hence, these elements and axioms can be turned into a category
G generated by the natural numbers [n],n € N and morphisms f{, f§ : [0] — [1], 1 : [1] —
(11, £2, f3 + [2] — [1]. A product preserving functor F : G — Set will not only send [1] to a

set G" = F([1])", but send the morphisms in G to functions between sets that preserve the
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given relations, and therefore define a group structure on G. All groups arise in this way, and
a natural transformation between functors is precisely a group homomorphism. Therefore, the
category of all finite product preserving functors G — Set is isomorphic to Grp, and, for an
arbitrary category C with finite products, this category is isomorphic to the category of group

objects in C, denoted Grp(C).

Algebraic Theories An algebraic theory is a category which is essentially small (has at most
a set’s worth of isomorphism classes)?, has finite products, and is such that every object X is
isomorphic to a finite product of a specific object X;. By tradition, we shall write such theories
as T,S, and so on.

An algebra of an algebraic theory T, or a T-algebra, is a product-preserving functor T —
Set, and a natural transformation between T-algebras is known as a homomorphism. Hence,
we have a category T-Alg C Set™. The contravariant Yoneda embedding* x°P(X) = h¥X =
Homy (X, —) sends every object X € T to a limit-preserving functor, and therefore defines
a functor X°P : TP — T-Alg; since Homy preserves limits in both variables, X°P itself is a
product preserving functor.

The simplest algebraic theory is that encoded by FinSet?, which encodes no operations in
particular; it is known as the theory of equality. A product preserving morphism FinSet®? —
Set is a coproduct preserving morphism FinSet — Set, which since every finite set S is isomor-
phic to I cs{*} is determined by the choice of a single set. Hence, the category of algebras
over the theory of equality is Set itself.

Free 4 Forgetful Adjunctions This theory is contained in every other theory — FinSet®? is
generated via products (coproducts in FinSet) of projections — and there is a unique inclu-
sion FinSet®? — T for every algebraic theory T. This yields an inclusion functor T-Alg —

FinSet°P-Alg = Set sending each algebra to its underlying set. This is known as the forgetful

3This is a technical enlargement of the idea of smallness, and is equivalent to saying that the category in
question has a small skeleton. It is not a particularly egregious enlargement: Set, for instance, is not essentially
small — if its skeleton, the set of all cardinals, were a set, the union of its elements would be an even larger

cardinal.
“Equivalently, the Yoneda embedding for C°P.
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functor Uy : T-Alg — Set. U has a left adjoint, Fr : Set — T-Alg, known as the free functor:
for a finite set [n], Fy([n]) = X°P([n]) = Homy([n], —), and for an infinite set S, Fy(S) sends an
object T € T to the colimit over all finite subsets [n] of S of Fr([n])(T).

For instance, let T, be the algebraic theory of groups, described previously. Fr¢, ([n])([1])
consists of all morphisms [n] — [1] in T¢y,. The inclusion FinSet®? — T, gives us one of these
for each of the n elements x; : [1] — [n],0 — i, but the identity, addition, and inversion opera-
tions give us additional morphisms. In particular, they allow us to freely add and invert the x;
subject to the constraint x;x; ' = 1. Hence, Fr,, ([n])([1]) is the free group on 1 generators. So

this functor Fre,, : Set = Tgpp-Alg = Grp reproduces the usual free functor Set — Grp.

2.2.2 Classifying Topoi

Algebraic theories are categories which classify algebraic structures in categories; deloopings
are topological groups that classify principal bundles over a given group. Classifying topoi

generalize both of these examples.

Flat Functors Flat functors are the first and, while not most straightforward, most natural
example of classifying topoi. A flat functor from a nonempty category C to Set is a functor F

such that:

1. Thereis an X € Cwith FX # @.
2. There is for every x € FX,y € FY aspan X & W LY sending some w € FW to x and v.

3. For every Ff,Fg : FX — FY agreeing on some x € FX we can choose « above such that

fo =ga = B.

A functor from a category C to a Grothendieck topos & is internally flat if the above conditions
hold in &’s internal logic. The conditions above ensure that any finite limits that happen to
exist in C will be preserved by a flat functor F: (2) ensures that products will be preserved, and
(3) that equalizers will be preserved. Hence, if C has all finite limits, the internally flat functors

are the left exact functors.

Diaconesceu’s Theorem states that, for & a Grothendieck topos, the category of internally flat
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functors from C to & is equivalent to the category of geometric morphisms from & to C. That is,
I_IOInTopos <8/ /C\) = HompFjatFunc (C/ 8)

This equivalence sends a geometric morphism f* 4 f. : & — C is sent to the composition of
the inverse image f* : C — & with the Yoneda embedding X : C — C. Hence, we can say that

C is the classifying topos for flat functors from C.

Theories A signature Y. is a triplet consisting of:

* A set S of types of X.
* A set R of relation symbols, each with an arity describing what types it relates.
* A set F of function symbols, each with a set of types consisting of its domain and a single

type consisting of its codomain.

We may define a collection of terms over a given signature X, each of which has a type. We

write t : A to say that a term ¢ has type A. The terms over X are defined recursively:

e A variable x : A is a term.

e Forf:A,...,A;, = Bafunctionsymbol and x1 : Ay,...,x, : Ay, f(X1,...,%,) is a term.

Next, we list many procedures for recursively defining a set of formulas over X, each with a

finite set of free variables:

1. The formulas of truth T and falsity L have no free variables.

2. For formulas ¢, i, the conjunction ¢ A ¢, disjunction ¢ V ¢, and implication ¢ = ¢ are
formulas with the combined free variables of ¢ and .

3. For a formula ¢, the negation —¢ is a formula with the same free variables.

4. For a formula ¢ with at least one free variable x, the universal and existential quantifica-
tions (Vx)¢ and (3x)¢ are formulas with all free variables of ¢ except for x.

5. Given a relation symbol R : Aj,..., A, and terms x1 : Ay,..., x5 1 Ay, R(xq,...,x,) is a
formula with free variables the union of those in all the x;.

6. For x,y terms of the same type, x = y is a formula with free variables those of x and y

combined.
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7. For a set of formulas {$, } ,ca with a combined finite set S of free variables, the infinitary

disjunction \/) ¢, and infinitary conjunction A, ¢, are formulas with free variables S.

To form a set of formulas over X, we may select a subset of these procedures and build the
smallest set of formulas closed under their application. To simplify our exposition, we shall
give these procedures labels: relation and equality are atomic procedures, truth and conjunc-
tion are conjunctive procedures, falsity and disjunction are disjunctive procedures®, implication
and negation are conditional procedures, and infinitary conjunction/disjunction are infinitary
procedures.

This results in many sets of kinds of formulas [ ]:

1. Atomic formulas are built from atomic procedures.

2. Horn formulas are built from atomic and conjunctive procedures.

3. Regular formulas are built from atomic and conjunctive procedures as well as existential
quantification.

4. Coherent formulas are built from atomic, conjunctive, and disjunctive procedures, as well
as existential quantification.

5. Geometric formulas are built from atomic, conjunctive, and disjunctive procedures, as
well as existential quantification and infinitary disjunction.

6. First-order formulas are built from all but the infinitary procedures.

7. Infinitary first-order formulas are built from all of these procedures.

A context is a finite list of distinct variables x1,...,x, (n = 0 is possible), traditionally de-
noted as X. This isjust a list; X, x,, 1 will denote the list x4, . .., x;,, X, -1, whereas X, ¥’ will denote
the list x1,...,x;, x’l, ..., x),. If a context ¥’s variables contain all free variables in a formula or
term ¢, we may say that X is suitable for ¢, and put ¢ in this context by writing ¥.¢. If ¥’ is a
context with the same length and sequence of types as a context X sharing free variables with a
term or formula ¢, replacing each x; occurring in ¢ with the corresponding x/ results in a new
formula ¢[X' /X].

We will use the turnstile - to talk about entailment, writing ¢ 3 ¢ to say that, in a context X,

¢ entails 1. This is a statement in the metalanguage, not the formal language. So while we may

5] offer as justification for these pairings the fact that T A — and | V — both resolve to the identity in classical

logic.
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write the English word "implies" to mean the symbol =- of the formal language, we write the
symbol I to mean the English word "entails". We could technically say that ¢ - ¢ expresses
the validity of (Vx1,...,x,)(¢ = ¢), but the latter does not make sense in cases where we don’t
have access to the symbols V, =, such as when studying coherent formulas.

With this in mind, we define a sequent over a signature X to be an expression of the form
¢ 1z ¥, where ¢ and ¢ are formulas over X, and ¥ a context suitable for both of them. A theory
T over X is a set of sequents over X known as T’s axioms. If all formulas appearing in all
sequents of a theory are all of one of the same seven kinds listed above, we say that the theory
itself is of that kind.

We have previously discussed the interpretation of the above symbols in an arbitrary ele-

mentary topos &. To reiterate:

¢ There is one type for each object X € &, with combination of types corresponding to a
product of objects.

¢ Thereisarelationsymbol R : Ay, ..., A, for each subobject of A} x ... x A, (equivalently,
every morphism Ay x ... x A, — Q).

* There is a function symbol f : Ay,..., A, — B for each morphism f : Ay x ... x A, =+ B
in &.

* There is a constant term x : X for each object X € &, and countably many variables x;, : X.

The interpretations of the various logical operations are also listed in the previous sections. To
say that ¢ -z ¢ fora context ¥ = xq : X1,...,x, : X, and formulas ¢(xq : X1,..., x5, : Xpy), P(x7 ¢
X1,...,%n : Xp) is to say that if the morphism ¢ o (x1,...,x,) : 1 — X3 x ... x X;, = Qisequal

totrue: 1 — O, thensois o (xq,...,x,). A theory in & is a collection of such sequents.

Classifying Topoi Given a theory T and a (Grothendieck) topos &, there are many different
ways to interpretations T in &: we have to find an assignment of the types, relations, and
functions of T to certain objects, subobjects, and morphisms, in a way that satisfies all sequents
of T. Once we have some interpretations, though, we can define a homomorphism between
interpretations to be a set of morphisms between the objects associated to each to each type
which, similar to a natural transformation, preserves all interpretations of relations, function

symbols, and constants. Hence, we have for each theory T and topos & a category T-Mod(&)
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of interpretations of T in &.

Any given functor between topoi will not necessarily preserve theories, but placing specific
constraints on the functor, such as preserving certain types of (co)limits, will let it preserve
certain types of theories. Our taxonomy of formulas is useful in this regard. If the theory T
is geometric, for instance, then it is preserved by inverse images of geometric morphisms: a
geometric morphism f* 4 f, : & — F defines a functor f* : T-Mod(F ) — T-Mod(&E). Hence,

We are now in a position to define classifying topoi: given a geometric theory T, a classifying
topos for T is a topos, traditionally denoted S[T], such that the functor T-Mod(—) is naturally

isomorphic to Homopes(—, S[T]).

Every geometric theory has a classifying topos, which we can build in two steps [

]. First, construction of the syntactic category B(T). We define two geometric
formulas ¢, ¢ of T to be equivalent when they have the same sequences of types Xi, ..., Xy,
and for any interpretation in any topos, the subobjects {x | ¢(x)} and {x | ¥(x)} are not
just isomorphic but equal. The objects of B(T) are the isomorphism classes of geometric for-
mulas, written as [¢], [¢], and so on. A morphism between objects [¢] and [i] with (WLOG
disjoint) types Xj,..., X, and Yi,...,Y,, respectively, is a geometric formula ¢ with types
Xy,...,Xu, Y1,..., Yy such thatin every interpretation in every topos, the subobject correspond-
ing to o is the graph of a morphism 7 : {x | ¢(x)} — {x | ¥(x)}. Two morphisms [¢] — [¢]
are identified when they are always the graphs of the same morphism.

This category has all finite limits, and can be equipped with a basis for a Grothendieck topol-
ogy J(T): a family {0, : [¢u] — [¢]}]_, is a cover when the corresponding map 11,5, : 1L, {x |
pu(x)} — {x | 9(x)} is epic.

Second, take the category of sheaves on this site, obtaining the Grothendieck topos B(T) =
Shy ) (B(T)). This yields the classifying topos for T. The proof that this is indeed a classifying
topos is quite involved, and we will not reproduce it here, instead directing fastidious readers

to Chapter X of the above reference.

Examples The theory of objects O has as its signature a single type, no relation or function
symbols except for equality, and no axioms. The classifying topos for this theory is the presheaf

topos on FinSet°P, or SetF">¢!: by Diaconescu’s theorem, geometric morphisms from a topos &
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into Set"inset

are equivalent to finite limit preserving functors from FinSet°? to &. FinSet is
generated by finite colimits on 1, and FinSet is therefore generated by finite limits on 1; since
these are preserved, a left exact functor FinSet®® — & is precisely a choice of object of &. Hence,

HomTopes (&, Set™"5¢t) = &,
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Chapter 3

The Language of Higher Categories

3.1 Simplices

3.1.1 The Simplex Category

The simplex category A has as its objects the finite non-empty ordinals [#] = {0,...,n} and as
its morphisms the order-preserving maps [m] — [n], f(i) < f(j) <= i < j. All such morphisms

can be decomposed into the following two kinds of morphisms:

* Face maps J! : [n — 1] — [n] sending {0,...,n =1} t0 {0,...,i—=1,i+1,...,n}
* Degeneracy maps o} : [n + 1] — [n] sending {0,...,n+1} to {0,...,i,i,...,n}.

Given a small category B (we're thinking A) and a locally small cocomplete category C, we
can turn any functor F : B — C into a functor £ : C — B as (FX)(B) = Homc(FB, X). That
is, [ = F*Xc, where F* is precomposition. Under the above conditions, F has a left adjoint
F : B — C, along with a unique natural isomorphism F 2 F, o kg. In general, this presents F

as a right adjoint of the left Kan extension F; = Lan,_F.

For instance, let B = A, C = Top, and F the functor sending [#] to the topological n-simplex
|A”’ = {(X(),...,xn) € ]Rg—gl | in _ 1}
1

Hence, F[0] = {1}, F[1] = {(i,1—14) | i € [0,1]} = [0,1], and so on: this is the usual no-

61
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tion of an n-simplex. The functor F as above is the singular complex functor Sing(X)([n]) =
Homro,(]A"|, X), and there exists a left adjoint to Sing sending presheaves on simplicial sets to
topological spaces. This left adjoint, known as geometric realization, is often written as | - |; it
sends the simplicial set & ([11]) = Homyu(—, [1]) to the topological simplex |A"| (up to homeo-

morphism).

Other Shapes There are many other small categories that we can use in place of the simplex

category:

e The globe category G, with objects the naturals and morphisms o, 7, : [n] — [n+ 1] s.t.

On+1°0n = Tu41 90,0341 ° Tn = Ty41 © Tn-

e The cube category (4, ®, [0]), the strict monoidal category on the naturals freely generated
by arrows iy, i1 : [0] — [1] and a right inverse p : [1] — [0] to both.

e The tree category Q), with objects the non-planar rooted trees', and order-preserving mor-

phismes.

¢ In contrast, the cell category ©,, with objects planar trees with level at most 1, and order-

preserving morphisms. @1, for instance, is A.

Our next step is to study the category of presheaves on the simplex category, known as
simplicial sets; they can be thought of as sets "modeled" on the simplex category.

Presheaves on the previous categories are, respectively, globular sets, cubical sets, dendroidal
sets, and n-cellular sets; they form nice categories as well. There is, however, a natural way to
obtain simplicial sets from categories via the nerve construction, a full and faithful functor em-
bedding the theory of categories into the theory of simplicial sets. For this reason and more,

simplicial sets form an especially nice foundation for co-category theory.

I'"Planar" here doesn’t mean "embeddable in R?" (all trees are planar in this sense), but the following: a non-
planar tree is a finite poset T with a minimal element/root, a linear order on every sublevel set T, = {x € T | x <

y}, and a distinguished subset of maximal elements.
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3.1.2 Simplicial Sets

The category of simplicial sets is defined to be the category of presheaves on the simplex
category; that is, sSet = A. For a simplicial set X, we generally write the set X[n] of n-simplices
of X as X,;. Geometric realization allows us to intuit simplicial sets as 'kinds of spaces’, and
standard n-simplices as ways to probe these spaces: by the Yoneda lemma, we have X, =
Homgset (A", X), so that an element of X, or map AY — X, is after geometric realization a point
|A°] = x — |X|, an element of X; is a path oriented from the point 0 to the point 1, and so
on. In general, we will call elements of Xy objects or vertices, and elements of X; arrows or

morphisms.

Standard Simplex Anatomy We can completely understand A": its m-simplices are order-
preserving maps [m] — [n], and the number of these are counted by the famous stars and bars
combinatorial argument. This goes as follows: gather n stars, labeling them from 1 to 1, and
gather m + 1 bars, labeling them from 0 to m. Every order preserving function f : [m] — [n]
corresponds uniquely to the figure you’d get by placing one bar after the star labeled f(0) (so,
before the star labeled 1 if f(0) = 0, one after f(1), and so on, up to f(n). For instance, the map
[4] — [5] given by

RN

looks like | * % | | % | * * |. Every possible figure corresponds uniquely to a function via this
algorithm as well, and the number of figures is
(m+n+1)! (m+n+1)
(m—+1)!(n)! n
making this the number of functions as well.
In fact we can pictorially represent the m-simplices of A" via these figures. We will enumerate
the n stars and m + 1 bars when convenient, though. The map 6/ : [m — 1] — [m] yields a map

d" : Ay, — A" | by precomposition, represented by dropping the ith bar. ¢/ : [m + 1] — [m]
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similarly yields a map s}" : Aj, — A}, represented by duplicating the ith bar.

A" has only one "non-degenerate" n-simplex, namely id(,; = | * | * | ... | * |, and removing
this from the set of n-simplices yields a simplicial set known as the boundary OA". In passing
to geometric realization, this amounts to removing the n-dimensional filling of the simplex,
leaving only the surrounding crust: while |A"| is homeomorphic to the closed n-ball, |0A"| is
homeomorphic to the (n — 1)-sphere.

We can continue to strip A", removing individual faces of id[,): the ith such face is the
(n—1)-simplex | * ... * |1 *; *i+1|i}1...* |. Removing this face gives us the ith horn Al'. If

i = 0 or n, this is an outer horn, otherwise it is a inner horn.

Maps between simplices As the morphisms in A are generated by the face and degeneracy
maps 0" : [n—1] — [n]and ¢ : [n] — [n—1],0 <i < n € N, we can break the morphisms
in a simplicial set down into morphisms of the form d} : X;, — X,,_1 (face maps) and s :
Xy — Xy11 (degeneracy maps). Hence, we have a pair of face maps d}, d} : X; — Xp sending a
morphism f to its source and target X and Y, respectively. A 2-simplex has 3 1-simplices g, I, f
as its faces, and since in general 5]'.1“ 0dl = 5;”“1 o (5]?’_1 fori < j, we have that d% o d% = d(l) o d%,
di od} = d} od3, and d o d5 = d} o d. That is to say, f and h share a source, g and & share a

target, and the source of g is the target of f. It is as though we had a diagram

.f\JiZ.

This is not to shout "simplicial sets are categorical!!" at you, as this is not generally true. We

need certain relatively simple niceness conditions, and then it will be true. Therefore, we would

merely like to whisper "simplicial sets are categorical" to you.

3.1.3 Simplicial Functors

Homotopy categories and nerves A embeds into Cat in the obvious way: we have a functor
F sending [n] to the category n = 0 — ... — n. Left Kan extension of this embedding along
XA gives us a pair of adjoints between sSet and Cat. The left adjoint & : sSet — Cat sends

a simplicial set X to its homotopy category, the category hX whose objects are 0-simplices
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and whose morphisms are 1-simplices, modulo the relation that any 2-simplex with zeroth,
tirst, and second faces g, h, and f yields h = gf, as above; the existence of such a 2-simplex
is interpreted as a composition relation. The right adjoint N : Cat — sSet sends a category
to its nerve, the n-simplices of which are strings of n morphisms X; — X, — ... — X,,. Face
maps compose morphisms (truncating the outside morphisms), whereas degeneracy maps add

identity morphisms.

(Co)skeleta For any n € IN, we may define the full subcategory A<, whose objects are
0],...,[n], and let sSet<,, be the corresponding presheaf category. The inclusion i, : A<, — A
induces by precomposition a functor i}, : sSet — sSet<,, which decapitates simplicial sets, leav-
ing nothing past n-simplices. This functor has left and right adjoints L, R : sSet<;, — sSet, and
precomposition with i, makes each into an idempotent endofunctor on sSet.

The left endofunctor Li, is called the n-skeleton functor sk,, whereas Ri, is the n-coskeleton
functor cosk,. Asleft and right adjoints, these represent two different approaches to destroying
all information a simplex may have above degree n: the n-skeleton sk, X has no simplices above
degree n which are not created by degeneracy operators, i.e. has only degenerate simplices
freely created by applying degeneracy operators to < n-simplices; it therefore removes all
simplices from X that it possibly can. The n-coskeleton cosk,X has, for k > 1, an (n + k)-
simplex whenever it has all of that simplex’s faces; it adds all the simplices it possibly can.

There is furthermore a canonical natural transformation sk, = cosk,,. The unit of the L i,
adjunction is a natural isomorphism 7p : idsset., = inL, as is the counit €g : iyR = idsset.,
of the i, 4 R adjunction, since both L and R are full and faithful. Hence, we have a canonical
natural transformation (Ro ;') o (5. o L) = (egoR) o (Loeg') := 7 : L = R. Precomposing
with i, gives us our natural transformation T, : sk, = cosk;.

We call simplicial sets that are invariant under sk, n-skeletal, and simplicial sets that are
invariant under cosk, n-coskeletal. n-coskeletality of a simplicial set X implies that, for all
k > 1, every boundary "sphere" OA"** — X can be filled by a unique A"** — X, i.e. a unique

element of X, .

Barycentric subdivision This is our final Kan extension for now. For any n € IN, we can take

the poset of nonempty subsets of [n] = {0,1,...,n}, ordered by inclusion, to be a category.
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The nerve of this category is a simplicial set. Order-preserving maps f : [m] — [n] define
order-preserving maps between posets, as inclusions A C B result in inclusions f(A) C f(B).
Hence, this construction defines a functor Sd : A — sSet. Left Kan extension of Sd along the
Yoneda embedding X allows us to extend Sd to a functor sSet — sSet known as subdivision.

Explicitly, this extension is given by

Sd X = lim Sd A"
A*"—X

which encapsulates the general idea of the Kan extensions we’ve seen so far: if we know how
to do something to standard n-simplices, we can extend this knowledge to all simplicial sets
via left Kan extension along &a. Furthermore, the functor we get this way will have a right

adjoint.

The right adjoint to subdivision is known as the extension functor Ex : sSet — sSet. By
definition, we have (Ex X), = Homgse: (A", Ex X) = Homgse (Sd A", X). Hence, the 1-simplices
of Ex X are shapes of the form * — * <— * among 0 and 1-simplices in X (i.e., cospans), the 2-
simplices are towers of cospans filled by compatible 2-cells, and so on. There is a natural map
X — ExX sending an n-simplex of X to the tower formed by iteratively taking the faces of
that simplex. We therefore have a sequence X — Ex X — Ex? X — ..., the colimit over which
defines the Ex™ functor. While this functor gets very complex very quickly, we can characterize
the 1-simplices of Ex™ X as "zig-zags" in X, or patterns of the form * — * < * — % ¢ % —

... < xamong 0 and 1-simplices of X. This functor is known as Kan fibrant replacement.

The fact that 1-simplices in Ex™ X closely resemble morphisms in the "groupoidification"
of a category given by inverting all its arrows is not accidental: Kan fibrant replacement
is the analogue of groupoidification for simplicial sets. Hence, we shall call Ex> X the oo-

groupoidification of X.
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3.2 Model Category Theory

3.2.1 Homotopical Categories

Weak Equivalences Take a locally small bicomplete category M. A model structure on M

consists of three classes of maps, each of which has its origins in the study of topology:

* Weak equivalences WV, which generalize the notion of a homotopy equivalence between
spaces.
¢ Fibrations F, which generalize fiber bundles over a space.

* Cofibrations C, which generalize closed inclusions into spaces.

We can define weak equivalences right off the bat: a wide subcategory (one which contains
all objects) W of a category M is a class of weak equivalences if it satisfies the 2-of-6 property:
forany triplet f : X = Y,¢:Y = Z,h: Z = W € M, if both hg and gf are in W, then so are
f,8 h, and hgf. Equipping M with a class of weak equivalences makes it into a homotopical
category, and we may construct its homotopy category HoM by formally inverting M at WV,
adjoining formal inverses to each weak equivalence.

The most obvious class of weak equivalences is the class of isomorphisms of M, but in this
case HoM is equivalent to M. More interestingly, we can choose the weak equivalences in Top to
be the weak homotopy equivalences®. By the method of CW approximation, given any space
X we may construct a CW complex A with a weak homotopy equivalence A — X, giving us a

homotopy category composed entirely of CW complexes .

3.2.2 Lifting Problems

Retracts, Saturation, and Lifting Let 2 denote the ‘walking arrow’ category * — *. The
functor category M? has as its objects arrows in M, and as its morphisms commutative squares

between arrows, and is also known as the arrow category Arr(M). Given a class K of arrows

2A homotopy equivalence X ~ Yisa pair f : X — Y, ¢: Y — X with fg and gf homotopic to their respective
identities; a weak homotopy equivalence f : X — Y is a map inducing bijections 71, (X, x) = 71, (Y, f(x)) for all

n > 0. Weak homotopy equivalence is not symmetric, hence the need for formal inversion.
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in M, we say that M is closed under retracts if, whenever id factors through a morphism g, in

the sense that there is a diagram

id
o /I/do'm(f) — o

7

A

. .\ - \ .
\ldcod(f)

\

then ¢ € K implies f € K. So, for instance, if all identity maps are in K, then we can simplify

the diagram as

[ ] iddom (f) — @
fJ
[ ]

id oq (fy—> ®

. f

The red-green and blue-green triangles both commute, so that f has both a left and right in-
verse and is therefore an isomorphism between its domain and codomain; any isomorphism
arises in this way, implying that all isomorphisms are contained in K as well. It follows that

wide subcategories closed under retracts contain all isomorphisms.

If K is a wide subcategory of M which is closed under retract, we say that it is left (right)
saturated if it is closed under coproducts (products), the pushout (pullback) of any arrow in
K along any arrow of M is again in K, and K is closed under transfinite composition (transfinite
sequential limits). The final condition means the following: consider a nonempty ordinal «,
understood to be a (small) category by virtue of the fact that the ordinals form a total order
via inclusion. The coproduct in « is simply taking maxima, and equalizers are trivial, so « is
cocomplete. Given a colimit-preserving functor X : « — M, or an a-sequence, the transfinite

composition of X is defined to be colimg, X ().

Given a pair of maps f,g € M, we say that (f, ) has the lifting property if for every mor-
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phism f — gin the arrow category there is an arrow from cod(f) to dom(g) making everything

commute:
e ——— @ e ——— o
1] i s
e ——— o e ——— o

This morphism factors both f and g. Given an arbitrary class K of maps, g satisfies the right
lifting property (RLP) with respect to K if (e, g) has the lifting property for all e € K; dually, f
satisfies the left lifting property (LLP) with respect to K if (f, h) has the lifting property for all
h € K. We introduce the amazingly literal symbol » to summarize this data: if (f, ) has the
lifting property, we write fz g. K“ will be used to denote all arrows with the RLP w.r.t. K, and
“IC will be used to denote all arrows with the LLP w.r.t. K. If we have a second class £ such
that (f,g) has the lifting property for all f € K, g € L, we write Kn L. We note but do not
prove the following important property: for any class K, the class “K is left saturated, and the

class K is right saturated.

A pair (£, R) of morphisms of M is a weak factorization system if:

1. Every f : X — Y in M can be written as a composite f = Ryo Ly, where Ry € R and
Lf eL.

2. L=Rand R = LP.

If the mappings f + Ly, f = Ry come from functors L, R : Arr(M) — Arr(M) satisfying
the conditions dom oL = dom, cod oR = cod, and cod oL = domoR (so that L preserves the
domain of f, R preserves the codomain of f, and the codomain of L ¥ is always the domain of

Ry, and these are all natural), then (£, R) is furthermore a functorial factorization system.

3.2.3 Model Categories

A model category is a homotopical category (M, W) equipped with two additional classes of
maps, the cofibrations C and the fibrations F, such that (CN'W, F) and (C, W N F) are functo-
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rial factorization systems for M?. Maps simultaneously in W and C (F) are known as trivial,
or acyclic cofibrations (fibrations). Notationally, we often just refer to the model category as
M, speaking of cofibrations rather than "elements of C" and so on.

In a model category M, an object X is fibrant if the terminal arrow X — x is a fibration,
and cofibrant if the initial arrow @ — X is a cofibration. By definition, every fibrant object’s
morphism X — * can be factored as X — FX — *, with the first arrow acyclic cofibrant and
F fibrant; dually, every cofibrant object’s morphism @ — X can be factored as @ — CX —
X, with the second arrow acyclic fibrant and CX cofibrant. Both operations are functorial in
arrows (not functorial in the usual sense! In particular, such replacements are not unique!).

Quillen’s small object arqument, applying to any cocomplete category C with technical but
readily met size limitations, allows us to construct a functorial factorization system on C from
a class of morphisms Z each of whose domains is a small object, or an object X such that h*
preserves transfinite directed colimits. We will not make the argument here, but the system
generated is (Y(Z9),Z9); any system generated in such a manner is said to be cofibrantly gener-
ated. We say also that a model category is cofibrantly generated if both of its weak factorization

systems are.

Examples of model structures The classical model structure, also known as the Kan-Quillen
model structure, is a common model structure placed on sSet. A fibration in this model struc-
ture, also known as a Kan fibration, is a morphism f : X — Y of simplicial sets with the right
lifting property with respect to all horn inclusions A} — A" foralln > 0and 0 < i < n. That

is, for every commuting square

i
A?—>X

b

An—l>Y

there is a morphism A" — X, or n-simplex of X, agreeing with the image of the horn in X and

30ften, they are simply required to be weak; weak factorization systems which are not functorial are very rare,

though, so we shall assume functoriality for convenience.
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whose image via f is the n-simplex of Y picked out by i. If f has the RLP with respect only to
inner horn inclusions, for which 0 < i < n, then it is known as an inner Kan fibration; if we

require 0 < i < n, it is a right fibration, and if 0 < i < n, a left fibration.

The cofibrations of this model structure are the monomorphisms, which, since sSet is a
presheaf category, are checked elementwise: amap f : X — Y'is a cofibration/monomorphism

iff each f([n]) : X;, — Yy is an inclusion.

The weak equivalences are those maps f : X — Y whose oo-groupoidifications Ex*°(f) :
Ex* X — Ex*Y have the RLP with respect to boundary inclusions 0A” — A". That is, any
n-simplex y in Ex** Y whose faces are in the image of Ex™ f is itself the image of an n-simplex
x in Ex* X, the faces of which are mapped to the faces of y. By adjunction, we can say that the

weak equivalences are those maps f : X — Y with the RLP with respect to all Sd 0A" — Sd A".

The canonical model structure on Cat has equivalences as its weak equivalences, functors
which are injective on objects as its cofibrations, and whose fibrations are those functors with
the right lifting property against the inclusion of the terminal category {0} into the "walking
isomorphism" {0 = 1}, known as isofibrations. Another way of stating this is that a functor
F : C — D is an isofibration iff for any isomorphism b : FX = Y there is an isomorphism
a: X = X' with FX' = Y and Fa = b. This is, in fact, the only model structure on Cat
whose weak equivalences are the equivalences of categories, hence the name "canonical". Ev-
ery nonempty category is not only cofibrant (the inclusion is trivial) but fibrant in this model

structure: b is necessarily id., which all maps get sent to.

The classical model structure on Top, also by Quillen, has as its weak equivalences the
weak homotopy equivalences, and has Serre fibrations, or maps with the right lifting prop-
erty against all inclusions of disks into cylinders of the form D" — D" x [0,1], x — (x,0), as
its fibrations. The cofibrations are retracts of relative cell complexes, which are maps f : X — Y
where Y can be formed from X by attaching cells as one does to form a cell complex. The

cofibrant spaces are retracts of cell complexes, while all spaces are fibrant.
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3.2.4 Quillen Adjunctions

Quillen functors Having described what model categories are, we should like to describe
the proper notion of a morphism between them. There are two kinds: left and right Quillen
functors. The former preserve colimits, cofibrations, and trivial cofibrations, while the latter
preserve limits, fibrations, and trivial fibrations. An adjunction L : C - D H R: D — C
generally preserves the @ operator, in the sense that for any classes of arrows K, £ of C and D
respectively, LKn L <= KrRL. Hence, if C,D are model categories and L is left Quillen, then
its preserving cofibrations and acyclic cofibrations implies that R preserves acyclic fibrations
and fibrations, and vice-versa. We call such a pair of adjunct Quillen functors a (you guessed
it) Quillen adjunction.

A Quillen adjunction L - R as above is a Quillen equivalence if, for any cofibrant C € C and
tibrant F € D, arrows of the form LC — F are weak equivalences iff their adjuncts C — RF
are weak equivalences. In such a case, the functors between homotopy categories obtained by
applying L and R to cofibrant and fibrant objects are equivalences. So, Quillen equivalences are

categorical equivalences "only up to" weak equivalence.

We have already seen some examples of Quillen equivalences, the most important one of
which is that between Quillen’s very own model structures on sSet and Top. This equivalence
is given by the | - | 4 Sing adjunction, a fact which we shall come to know as the homotopy
hypothesis, for it allows us to understand the simplicial analogue of groupoids as equivalent to

topological spaces, up to weak homotopy equivalence.

3.3 Simplicial Objects

By virtue of being a presheaf category over Set, sSet is complete, cocomplete, and cartesian

closed. Its exponential is given by
(YX)" = Homgset (A", YX) = Homgset (A" X X, Y)

where the first equality is by definition and the second is by adjunction. sSet is also symmet-

ric monoidal, with product given by x and unit given by A?. A category with all of these
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properties is known as a cosmos, and is perfect for enriching new categories over.

3.3.1 Simplicially Enriched Categories

A simplicially enriched category C is a category enriched over the cosmos sSet. To reiterate,

this means that:
e Forevery X,Y € C there is a simplicial set denoted Hom¢ (X, Y).
e For every X € C there is a morphism of simplicial sets idx : A’ — Homc (X, X).
e Forevery X,Y, Z € Cthereisamorphism o : Hom¢(Y, Z) x Hom¢(X,Y) - Homc(X, Z).

The obvious commutativity conditions are placed on these sets and morphisms. We may
refer to the n-simplices of the hom-simplicial sets of a simplicially enriched category as its n-
arrows. Generally, the 0-arrows will be the "actual" arrows between objects, the 1-arrows the
arrows between arrows, and so on. The first example of a simplicially enriched category is
sSet itself, by virtue of its being cartesian closed; the hom-object can be represented by Y%,
the identity on X by the actual identity ((XX)y = Homgge:(A? x X, X), and A? x X = X),
and the composition map is obtained by taking ZeVxy : Z¥Y — 7zX ¥, applying adjunction
to get a double-evaluation arrow X x YX x Z¥ — Z, then applying adjunction again to get
0: Z¥ x YX = 7X.

A functor F between simplicially enriched categories C, D is given by a map of their objects
as well as, for each X,Y € C, a morphism Hom¢(X,Y) — Homp(FX, FY) in V satisfying the
necessary identity and composition laws. This gives us a category sSet-Cat of simplicially en-

riched categories. Natural transformations are defined in the only possible way as well.

A simplicial object in an arbitrary category C is simply an element of the functor category
CA™, or a set {X([n]) }nen of elements of C along with face and degeneracy maps satisfying
relations originating in A. We will again write X, = X([n]); for a simplicially enriched cate-
gory C, C,; will refer to the normal category whose morphisms X — Y are the n-simplices of
Hom¢ (X, Y).
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As regards simplicial objects in Cat, pulling back the constant functor Set — A along the
forgetful functor Cat®” — A yields precisely sSet-Cat, equipped with the functor F : sSet-
Cat — Cat®” defined as F(C)([n]) = C,; as the constant functor is monic and pullbacks of
monics are monic, F is an embedding. Simplicially enriched categories are those simplicial ob-
jects in Cat whose objects are constant. As the functor F commutes with limits and colimits,

which are calculated pointwise in Cat, sSet-Cat is complete and cocomplete.

3.3.2 Homotopy Nerves

Homotopy Coherent Nerves Let’s define a basic functor S : A — sSet-Cat that works by
defining simplicial sets between the elements of [n]. Specifically, the simplicial set Homgy,, (7, /)
is given by constructing the poset P;; of all subsets of {i,i +1,...,j —1,j} that contain i and j,
ordered by inclusion, and then taking the nerve of this poset. We think of a given element of
this poset as a path from i to j: for instance, if i = 1 and j = 17, the subset {1,6,11,14,16,17}
is thought of as the path1 — 6 — 11 — 14 — 16 — 17. The composition operation o :
S[n];x x S[n];; — S[n];x sends chains of inclusions of posets of the same length to their union.
It is worth noting that Homgj,, (7, j) is isomorphic to (AN==1if i < j, the terminal simplex A°
if i = j, and the initial simplex @ otherwise.

We now have a functor S : A — sSet-Cat; immediately, the voices in our head start chanting
three words in unison, and we cannot help but to give them what they desire: a left Kan
extension. We extend S along & : A — sSet, obtaining a functor € : sSet — sSet-Cat, which is
left adjoint to a functor 91 : sSet-Cat — sSet. € is known as the thickening functor, and while
it is equivalent to S on standard n-simplices (by definition of Kan extension), it is (as all left
Kan extensions) constructed for an arbitrary simplicial set by taking colimits. 9 is known as
the homotopy coherent nerve, and upgrades the ordinary notion of a nerve from categories to
simplicially enriched categories. For a simplicial category C, the homotopy coherent nerve is
given by (NC), = Homgse (A", NC) = Homgser-cat(S[n], C).

For X a simplicial set, we can describe the simplicially enriched category €X as follows: its
objects are simply the vertices of X, Ob(€X) = Xj. The 0-arrows A — B are in correspondence
with the elements f of X; with faces d}f = A,dlf = B, i.e. morphisms f : A — Bin X. We will

not attempt to describe higher simplices in the simplicial sets Homgx (A, B) in detail, as they
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are notoriously complicated, but we will note that these hom-simplicial sets are always at most

3-coskeletal.

The model structure on simplicial categories There is a useful model structure on sSet-Cat
known as the Bergner model structure | ]. Its weak equivalences are the Dwyer-
Kan (DK) weak equivalences, or those sSet-functors F : C — D that are essentially surjective
on the homotopy categories, and for which each map Hom¢(X,Y) — Homp(FX,FY) is a
weak equivalence in the Quillen model structure on sSet. The fibrations are those sSet-functors
F : C — D for which the maps Homc¢(X,Y) — Homp(FX, FY) are fibrations, and which are
fibrations on homotopy categories in the canonical model structure on Cat. The cofibrations
are the maps which have the left lifting property against all acyclic fibrations.

This structure allows us to define a second model structure on simplicial sets, known as the
Joyal model structure. The cofibrations are the monomorphisms, as with the Quillen model
structure, while the weak equivalences are those maps f : X — Y such that ¢f is a weak
equivalence in Bergner’s model structure. The fibrations in this structure can be presented as
the maps f : X — Y which have the right lifting property against all inner horn inclusions,
or inclusions A} — A" withn > 2 and 0 < i < n; these are known as inner fibrations. All
objects are cofibrant, but the fibrant objects satisfy the special condition of having all inner horn

inclusions.

3.3.3 Enriched Model Categories

Pushout-Pullback Consider maps f : X — Y and f' : X’ — Y’ of simplicial sets. These

assemble into a pushout diagram

.
Xx X Sy

fxidx/l . l

Y XX —— (X xXY')+xex Y x X/

However, Y/ x Y’ has maps idy x f’ and f x idys coming in from Y x X’ and X x Y’, respec-

tively, which form into a commutative square, and therefore has a unique arrow coming from
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the cartesian product Z = (X x Y') +xxx Y x X' making the diagram below commute:

idx ><f/

X xY!

X x X
indX/l

Y xY

We call this map the pushout-product fXg : Z — Y x Y'. The dual construction is defined by
the pullback diagram

Y/Y o Y/X

and is known as the pullback-hom f'f : XY — X'X x,.x Y'Y. By virtue of their univer-
sal constructions, these are functorial in arrow categories, and by virtue of their not inter-
changing the positions of their objects, they extend to give generalized constructions. Specif-
ically, for a bifunctor ® : C x D — E (where E has the appropriate pullbacks), the pushout-
product construction gives us an arrow bifunctor @ : Arr(C) x Arr(D) — Arr(E), and for a

bifunctor [—, —| : C°P x D — E, the pullback-hom construction gives us an arrow bifunctor
[:?] : Arr(C)°P x Arr(D) — Arr(E).

Now, suppose we have a category enriched over V. We should want two "niceness proper-
ties" from C: that it is tensored and cotensored.

¢ Cis tensored over V when there is a functor — ® — : V x C — C equipped with natural

isomorphisms Hom¢(V ® X,Y) = Homy (V,Hom¢(X,Y)) for each V.

e Cis cotensored over V when there’s a [—, —] : VP x C — C equipped with natural iso-

morphisms Homc¢ (X, [V, Y]) = Homy (V,Hom¢(X,Y)) for each V.
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This suffices to define a two-variable adjunction
Homc(X, [V,Y]) = Homy(V,Hom¢(X,Y)) = Homc(V ® X, Y)

to which the pushout-product and pullback-hom constructions associate a two-variable ad-

junction between arrow categories: for f,g € Cand v €V,
HomArr(C) (f/ [U, y] ) = HomArr(V) (U, Homc (f/ g)) = HomArr(C) (U@f, g)

Quillen Two-Variable Adjunctions Given a tensored and cotensored V-category C where
both V and C have model structures, we say that the two-variable adjunction (®, [—, —], Homc)

is a Quillen two-variable adjunction if:

e If f and g are cofibrations, then f&®g is, and if either of them are acyclic, f&g is as well.
e If f and g are fibrations, then [f/,g and I—Tor?d f,g) are, and if either of them are acyclic,

@ and H/or?c(f, Q) are as well.

A V-model category is a V-category that is both tensored and cotensored, and whose two-
variable adjunction is Quillen. Quillen two-variable adjunctions preserve lifting problems: for

A, B classes of maps in C, and V a class of maps in C, we have:

o~

(Vo A)zB < A[V,C] < VeHomc(A,B)

The pushout-product and pullback-hom constructions associated to the tensor and cotensor

are referred to as the Leibniz tensor and Leibniz cotensor, respectively.

3.3.4 Quasi-categories

Recall that the fibrations in the Quillen model structure on sSet are the Kan fibrations, those
maps which satistfy the right lifting property against all horn inclusions. The fibrant objects in
sSet, then, are those objects X which satisfy the following conditions: for any map A — X,
there is a morphism A" — X commuting with the horn inclusion. Quillen-fibrant objects in
sSet are known as Kan complexes.

For instance, if a Kan complex X has a 2-cell x with zeroth and first faces f and g, there is a

horn inclusion A3 — X sending the central 2-cell id,2 to x, and therefore a map k : A2 — X
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commuting with the horn inclusion. By naturality (these are presheaves, after all), we can
identify the second face & of x to be (k o d3)(id,2). What is going on here is essentially an

inversion:

In normal category theory, this can only happen in groupoids, and for this reason we often
interpret Kan complexes as the higher-categorical equivalent of groupoids. A way to get more
normal behavior is to withdraw the request that the map X — * have the right lifting property
against all horns: so f cannot be forced to exist given that ¢ and / do, nor can & be forced to
exist given that f and ¢ do. The only horn we are allowed to fill is the first one, forcing g to
exist contingent on the existence of f and h. We identify this as the composite h o f.

Making this request restricts us to considering only inner horns, moving from Quillen-fibrant
objects to Joyal-fibrant objects. These are known as weak Kan complexes, or quasi-categories.
Being fundamental to our upcoming discussion, we see fit to denote these objects with the style
C,D,.... Given a quasi-category C, members of the set Cj are identified with the objects of the
"category", members of C; with the morphisms. Note that because simplicial sets are functors
into Set, the objects Cy = C([0]) of the quasi-category will always be a set; in particular, we can-
not have "large" quasi-categories without performing some intricate set-theoretic maneuvers.

Given two objects (0-simplices) X, Y € C, consider the pullback of the morphism C' : C L
c' =cxc along the morphism * — C x C with image (X, Y). This will be a simplicial set
whose 0-simplices are 0-simplices of C2', or maps f : Al x A? = Al — C, such that f({0}) = X
and f({1}) = Y, i.e. morphisms X — Y in C. Higher simplices f : Al x A" — Csend f({0}, —)
and f({1}, —) to degenerate simplices generated by X and Y. This simplicial set is called the
mapping space between X and Y, and will be written as Map (X, Y), or Map(X,Y) if C is not
already clear; it is the co-categorical analogue of the hom-sets possessed by ordinary categories.

By degeneracy of the higher simplices, each mapping space is an co-groupoid.

The nerve construction on ordinary small categories, i.e. the functor N : Cat — sSet, is full
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and faithful, and sends categories to quasi-categories: the only thing to verify here is that the
inner horns A? — N(C) are filled, which is true since composition arrows are guaranteed to
exist in C. Indeed, not only do they exist, but they exist uniquely; the nerves of categories are

identified among all quasi-categories by the existence of unique fillers for inner horns.

Summary

Having gone through many constructions of more or less a few major types, we can taxonomize

the basic theory.

Functors on Simplicial Sets

The general principle is as follows: we have a functor F from the simplex category A to a
codomain category C, and left Kan extend it along &a : A — sSet to obtain a functor L : sSet —

C left adjoint to a second functor R : C — sSet. There are many constructions of this type:

Left Kan extensions of functors F : A — C along &a : A — sSet

Codomain C F[n] Left adjoint sSet — C | Right adjoint C — sSet
Top |A"| Geometric realization | - | | Singular complex Sing
Cat {0 — ... —n} | Homotopy category h Nerve N
sSet N(P[n]) Subdivision Sd Extension Ex
sSet-Cat (A1) =1 etc. Thickening € H.c. nerve M

In addition, left and right Kan extensions along Xa_, yield left and right adjoints to the
truncation functor tr;, : sSet — sSet<,, induced by precomposition by the inclusioni : A<, — A;
when precomposed with tr;, these adjoints yield a pair of adjoint idempotent endofunctors
sk, - cosk;, on sSet.

The last vertex natural transformation Lv : Sd = idsse: defined on standard n-simplices
and extended to all simplicial sets by colimit yields via adjunction a natural map idsser = EX,
which we can iterate to get chains X — ExX — Ex* X — ... natural in X; taking colimits
gives us a functor Ex> : sSet — sSet known alternatively as Kan fibrant replacement or oo-

groupoidification.
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Model Categories

Classical (Quillen) Model Structure on sSet

e Fibrations are the Kan fibrations (RLP against all horn inclusions). Fibrant objects are
Kan complexes.
¢ Cofibrations are the monomorphisms. All objects are cofibrant.

* Weak equivalences are the weak homotopy equivalences.
Joyal Model Structure on sSet

¢ Fibrations are the inner fibrations (RLP against all inner horn inclusions). Fibrant objects
are quasi-categories.
¢ Cofibrations are the monomorphisms. All objects are cofibrant.

* Weak equivalences are preimages of Bergner weak equivalences under €.
Classical (Quillen) Model Structure on Top

* Fibrations are the Serre fibrations (RLP against all disk — base of cylinder inclusions).
All spaces are fibrant.

¢ Cofibrations are the retracts of relative cell complexes. Retracts of cell complexes are
cofibrant.

* Weak equivalences are weak homotopy equivalences.
Canonical Model Structure on Cat

e Fibrations are the isofibrations (RLP against inclusions {0} — {0 = 1}). All categories
are fibrant.
¢ Cofibrations are the functors injective on objects. All categories are cofibrant.

¢ Weak equivalences are the equivalences of categories.
Bergner Model Structure on sSet-Cat

e Fibrations are functors which are Quillen fibrations on all hom-objects. Fibrant objects
are the Kan complex-enriched categories.

* Cofibrations are defined by necessity (LLP against acyclic fibrations).
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¢ Weak equivalences are functors which are essentially surjective on homotopy categories

and Quillen weak equivalences on all hom-objects.
Quillen Adjunctions and Equivalences

* |- | - Sing is an equivalence between Quillen’s sSet and Quillen’s Top.
e ¢ - M is an equivalence (adjunction) between Joyal’s (Quillen’s) sSet and Bergner’s

sSet-Cat.

3.4 Models of Higher Category Theory

3.4.1 oo0-Cosmoi

Kan complexes and quasi-categories are often called co-groupoids and co-categories, respec-
tively. But there are many different models of higher category theory, and we should not like
to commit ourselves just yet. Riehl and Verity have pioneered a synthetic approach to higher
category theory, that of oo-cosmoi [ |; they are defined by a set of ab-
stract properties which any model of higher category theory must satisfy, and their elements
are known as oo-categories.

An oco-cosmos is an sSet-category equipped with a class of maps Z known as isofibrations;
isofibrations will be denoted by . We will write co-cosmoi in the vertiginous style ¢, D, ..., and

demand the following properties from them:

¢ All of ¢’s hom-objects, denoted by the notation Fun, are quasi-categories.

¢ (¢ has a terminal object, small products, pullbacks of isofibrations, and limits of countable
towers of isofibrations.

¢ Cis cotensored by sSet.

* 7 has all isomorphisms and maps into the terminal object.

¢ 7 is closed under composition, product, pullback, inverse limits of towers, and Leibniz
cotensors with sSet-cofibrations.

e Forall C € ¢, Fun(C, —) sends isofibrations to isofibrations of quasi-categories, or inner

fibrations with the LLP against the inclusion {0} — {0 = 1}.



oo-Cosmoi 82

We demand that all of the above limits in € satisfy sSet-enriched notions of their universal
properties*. If furthermore there is an adjunction Fun(C x D, &) = Fun(C, [D, &]) with all

functors [C, —] preserving isofibrations, we say that € is cartesian closed.

We define an oo-category to be an object in an co-cosmos and an co-functor to be a morphism
in an oo-cosmos. An oo-functor F : C — D is defined to be an equivalence of co-categories
when Fun(&, F) : Fun(&,C) — Fun(&, D) is a weak equivalence of quasi-categories for all &,

and an acyclic (trivial) fibration if it is an isofibration and equivalence.

It is not particularly hard to be an co-cosmos: Cat and its previously defined isofibrations
form an co-cosmos, with the understanding that its functor categories are embedded as quasi-
categories in sSet via the nerve constructions. Two more interesting examples are given by Kan
and QCat, the full subcategories of sSet consisting of the Kan complexes and quasi-categories,
respectively. Functors between oco-cosmoi that preserve isofibrations and cosmological limits
are known as cosmological functors. If a cosmological functor F : € — © is furthermore sur-
jective up to equivalence and defines for all C, D equivalences Fung(C, D) — Fung (FC, FD),
it is a cosmological biequivalence. Cosmological biequivalence is the basic standard by which

we can compare models of higher category theory.

Unless otherwise specified, we will work in Q¢€at, so that our co-categories are quasi-categories.
Fun(C, D) will denote the quasi-category of oo-functors (or, morphisms of simplicial sets)
C — O, and Map,(X,Y) will denote the oo-groupoid, or Kan complex, whose 0-simplices
are morphisms X — Y. However, the remainder of the discussion in this section will be appli-

cable to general co-cosmoi.

As all the hom-objects Fun(C, D) in an co-cosmos € are quasi-categories, for which all n-
morphisms for n > 2 are invertible, there are essentially 2 non-trivial levels of morphism in
¢: the objects of Fun(C, D), or "actual" functors C — D, and the (1-)morphisms, or natural
transformations between functors. So, the basic constructions on co-cosmoi are 2-categorical:

they can be expressed in terms of the homotopy 2-category h € has the same objects as €, but

4For instance, morphisms C — 9 x & are in natural bijection with pairs of morphisms C — D, C — &. We
demand that this bijection be sSet-natural instead of merely Set-natural, so that in particular it holds on higher

simplices. We can call these "cosmological" limits.
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the hom-category between C and D is given by the homotopy category hFun(C, D). For this

reason we give a basic account of 2-category theory in 1.2.4.

3.4.2 Constructions on co-Categories

Adjunctions Given oo-categories C, D, an co-functor L : C — D is left adjoint to an oo-
functor R : D — C if there are a pair of co-natural transformations, the unit 7 : id¢ = RL and
counit € : LR = idp, satisfying the 2-categorical triangle identities. Hence, an adjunction be-
tween oo-categories is an adjunction between their homotopy 2-categories. We have noted that
adjunctions between 2-categories are preserved by 2-functors; owing to its quasi-categorical
nature, an oco-functor is more than nice enough to induce 2-functors on the homotopy cate-
gories of its source and target.

For instance, an adjunction L - R between oco-categories as above is sent by every repre-
sentable functor Fun(X, —) to an adjunction between quasi-categories, and by every h Fun(X, —)

to an adjunction between 1-categories.

Limits Let’s take a closer look at the definition of a limit in a 1-category C, which we have

only previously defined in fuzzy, conceptual terms.

1. We take a certain shape J, for instance {*, *}, which defines products, or {* = %}, which

defines equalizers. This is clearly some sort of category.

2. We move to consider a diagram of shape Jin C, or a functor F : J — C. For instance, we
might send the shape {x*, *} to {X, Y}.

3. We then consider the category of all cones over F, or elements Z € C equipped with a
morphism f; : Z — FJ; for each J; € ] such that (F/\i.‘].) o f; = fj for any /\f.‘]. € Homy(J;, J;)-
Cones with summit Z are precisely natural transformations from the constant functor

Ay : J — Cto the functor F.

4. Find an element lim F € C such that cones with summit Z over F are in natural bijection
with morphisms Z — lim F. In other words, Hom¢,(Az, F) = Homc¢(Z,lim F). This is
the limit of F.
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If limits exist for all functors F : J — C, then we have a functor lim : C? — C, and the
equivalence of hom-sets above upgrades to an adjunction between the constant diagram functor
A:C— C,A(Z) = Az, and lim. So we may say the following: limits of shape J exist in C if
and only if there is a right adjoint lim to the constant functor A. Dually, colimits of shape J exist
if and only if there is a left adjoint colim to A. With this construction in hand, it becomes easy
to prove many of the previous assertions concerning limits. For instance, right adjoints preserve
limits: let L : C — D be left adjoint to R : D — C, where C and D admit all limits of shape J. Let
F:J— D. Then, for X € C,

Hom¢ (X, Rlim F) =2 Homp(LX,lim F) = Homp(Arx, F) = Homps(LAx, F)

Homgp, (LAx, F) = Homcs(Ax, RF) = Home(X, lim RF)

which by the Yoneda lemma implies that Rlim F = lim RF. That left adjoints preserve colimits

is proved in a dual manner.

Therefore, limits can be defined by their being right adjunct to a constant functor, and col-
imits by being left adjunct. We extend this to co-categories trivially: An co-category C has all
limits of shape . if the constant diagram functor A : C — C7 has a right adjoint, and has all
colimits of shape J if A has a left adjoint.

For instance, C has a terminal object, or a limit over &, if the constant functor C — C G~
has a right adjoint 1 — C, which we identify as an object of C. Dually, an initial object is
identified with a left adjoint to the functor C — 1.

3.4.3 Stable co-Categories

We may interpret the theory of spectra, introduced in A.3.1, in the general context of oco-
category theory, obtaining a notion of stable co-categories, the primary example of which is
the oo-categorical version of Sp. Following Jacob Lurie’s approach [ ], we will end
up inventing a higher-categorical analogue of homological algebra along the way (as one does).

Recall that a zero object in a category C is an object which is both initial and final. Given a
zero object 0 € C, we can define maps 0 : X — Y given by the composition X — 0 — Y;

these maps contain "no data", akin to the zero homomorphisms between abelian groups. An
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oo-category C is pointed if it contains a zero object 0. We will always refer to the zero object of
a category as 0, the map X — 0 as 0%, and the map 0 — Y as Oy (so that 05 = 0,0%).

In a pointed co-category C, the maps Oxy may not exist "uniquely": as with all composi-
tion, there are multiple possible fillers of the horn X — 0 — Y. However, all such fillers are

homotopic: by the general argument for composition, we have a skeleton

A

Y

where 4 and b are competitors, both claiming to be the composition 0y o 0%, and indeed both
have 2-simplices witnessing this. We can get a canonical 2-simplex with edges 0Oy, 0y, s’Y by
degeneracy, giving us a 3-horn which we fill with a 3-simplex witnessing the equivalence of a
and b as composites 0y o 0%.

We define a triangle in C with edges X Lz8y to be a commutative diagram of the form

AN

O — X

"<<TN

—

If this diagram is a pullback square, the triangle is said to be exact, and f is said to be a kernel
for g. If it is a pushout, the triangle is coexact, and g a cokernel® for f. In particular, we
may construct ker ¢ by pulling 0y back along g, and coker f by pushing Ox out along f; up to
equivalence, all kernels and cokernels arise as pushouts and pullbacks.

A stable co-category is a pointed oco-category C satisfying the additional properties:

e Forall f : X — Y in C, the pushout kerf : ¥ — Y 4x 0 and the pullback coker f :

X Xy 0 — X exist. (All kernels and cokernels exist).

°In the context of co-category theory, these kernels and cokernels are often called fibers and cofibers, as in

[ .
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¢ Triangles in C are exact if and only if they are coexact. (In particular, the kernel of the

cokernel and the cokernel of the kernel are equivalent).

While much of the motivation for this definition comes from homological algebra, kernels
and cokernels in a stable oo-category C can behave in remarkably different ways due to the

presence of homotopical data. To that end, a pair of suggestive definitions:

* The loop space object (X associated to an object X € C is defined to be ker 0.

e The suspension object ©X associated to X is defined to be coker 0%,

An f : X — Y yields morphisms Qf : X — Y essentially by the universal property of
pullbacks, and likewise yields a morphism % f : ©X — XY for the dual reason. Hence, (2 and
2 are functors C — C. These definitions work in any pointed oco-category with the necessary
(co)limits, and yield adjunctions, but in a stable category, that triangles are exact iff they are

coexact implies that X and () are not just adjoint but inverses to one another.

Stabilization Given a pointed oco-category C, we define a prespectrum object of C to be a
functor X : N(Z x Z) — C such that X(i, j) is a zero object for all i # j. We will write X[n] for
X(n, n). Prespectrum objects assemble into a full co-subcategory of Fun(N(Z x Z), C) written
PSp(C). The diagram

Xn| —— X(n,n+1)=0

! !

X(n+1,n) =0 —— X[n+1]

determines by universal properties a pair of morphisms XX[n| — X[n + 1], X[n] — QX[n +1];
these are adjunct to one another under the £ 4 () adjunction. If all maps X[n] — QX[n + 1]
are equivalences, we say that X is a spectrum object. The co-subcategory of spectrum objects
in PSp(C) is denoted Sp(C). The stabilization of an co-category C with a terminal object 1 is
the category of spectrum objects on the subcategory of pointed objects of C, the slice category
C! whose objects are morphisms 1 — X and whose morphisms are morphisms X — Y fitting

in commutative diagrams °. This category is denoted Stab(C).

®This is a pointed category, with zero object given by idy : 1 — 1.
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The suspension spectrum functor £ : C — Stab(C) has a right adjoint, denoted Q°: its

action on a spectrum X is to yield X[0].

Consider Stab(Grpd ), the stabilization of the terminal oco-topos. By the homotopy hypothesis,
this is precisely the co-categorical equivalent of the previous category Sp of spectra, and we are
content to denote it Sp. A commutative monoid object in Sp is known as an [E.-ring. Breaking

this down, we have:

¢ A spectrum E of pointed oco-groupoids (equivalent to CW complexes), along with struc-

ture maps XE,;, — E, 1.
* A multiplicationmap m : EAE — E, i.e. aset of mapsm,; : E; ANE, — Ej.
* Aunitmape:S — E.

We require the associativity and commutativity conditions to hold. Here is the motivation for
considering only a commutative monoidal structure: in Ab, the commutative monoids are the
commutative rings. The stabilization of an co-category is a model for homological algebra,
bearing a natural triangulated structure on its homotopy category, and hence has many of the
interesting categorical properties of Ab, albeit in their co-categorical form. (This is described in
detail in [ ]). Hence, the higher categorical analogue of commutative rings should be

commutative monoids on stable co-categories.

3.5 oo-Topoi

3.5.1 Definition

While our definition of Grothendieck topoi was based on sites, there is a much easier way
to define them: a Grothendieck topos & is a category equipped with a geometric morphism
f* 4 f. from & into some presheaf category C, or in other words a reflective subcategory of C
whose reflector is left exact. We will translate this definition to quasi-categories.

First, we note that in QCat, Set isn’t the appropriate base over which to define co-presheaves

over an oo-category C; it doesn’t take the data of higher simplices into account! Instead, we
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define the presheaf category C to be Fun(CP, Grpd) 7. We define an oo-geometric morphism
between oo-categories C, D to be an oco-functor f, : C — O right adjoint to an oco-functor
f* : D — C which preserves limits.

We define a (Grothendieck-Rezk-Lurie) co-topos to be an accessible co-category H equipped
with an inclusion i, into some co-category of co-presheaves C which forms the direct image
part of an co-geometric morphism i* = i,. co-topoi and oco-geometric morphisms form a cate-
gory TJopos.

We may equivalently describe co-topoi constructively as follows: take a small oco-category C,
and aset F = {F;: X; — Y;} of morphisms in C. We define the co-category Shv(C, F) to be the
full subcategory of C on objects Z such that Maps(—,Z) sends each F; € F to an equivalence
of quasi-categories. An oo-topos is any oo-category isomorphic to some inclusion of the form
i, : Shv(C, F) — C which admits a left exact left adjoint i*. If we take F = &, we immediately
see that every oo-category of the form C is an co-topos, and in particular that Grpd = Shv(2,1)

is an oo-topos.

The co-topos Grpd is, by the homotopy hypothesis, equivalent to the category CW of CW
complexes (up to weak equivalence of simplicial sets and spaces, respectively). In co-topos the-
ory, it plays the role that Set does in 1-topos theory: every other co-topos H C Fun(C°P, Grpd )
has one geometric morphism (up to equivalence) into Grpd, making it the terminal oo-topos.
The direct image I' : H — Grpd sends an oo-sheaf X to its co-groupoid of global sections,
Fun(x*, X), while the inverse image A : Grpd — H sends an co-groupoid G to the (sheafifica-

tion of the) constant functor C°P 3 X — G.

Truncation As oco-groupoids are weakly equivalent to CW complexes, we can reason about
their homotopy groups in an essentially topological way. In particular, we can reason about
n-connected co-groupoids, whose homotopy groups vanish for n or below, and homotopy n-type

oo-groupoids, whose homotopy groups vanish above n.

The latter has a special name: an co-groupoid G is n-truncated if 71, (G, x) = 0 for allm > n

7 Grpd is identical to the co-cosmos fan, but the difference in notation allows us to distinguish between its roles

as an oo-cosmos and as a mere oo—category.
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and x € G, i.e. if its corresponding space is a homotopy n-type. Hence, a 0-truncated oo-
groupoid is simply a set, a 1-truncated oco-groupoid is a set with nontrivial automorphisms —a
groupoid — and so on. A —1-truncated oo-groupoid G has 7p(G) = 0 and therefore is either &

or {x}. We define a —2-truncated oco-groupoid to be one which is equivalent to {x}.

In an arbitrary co-category C, an object X is n-truncated if all oco-groupoids of the form
Map(—, X) are n-truncated, and a morphism f : X — Y in C is n-truncated if it is so as an
element of Cy. Write 7<,,C for the (full) subcategory on C’s n-truncated objects®.

In many cases of interest, T, is functorial: given two left exact co-categories C, D, a left exact
functor F : C — D sends n-truncated objects and morphisms in C to n-truncated objects and
morphisms in O (HTT, 5.5.6.16), evidencing the functoriality of 7<, on co-categories. If C is
presentable, the inclusion co-functor 7<,C — C has a right adjoint C — 7<,C, which we will
also denote by 7<,,. (HTT, 5.5.6.18). Both presentability and left exactness hold for co-topoi, for
example, with both the direct and inverse images of a geometric morphism being left exact as
well; hence, objects and morphisms of oo-topoi can be truncated to arbitrary degree n > —2,
as can geometric morphisms between oo-topoi. We define an n-topos to be an oo-topos of
the form 7 (,_1)H, for some co-topos H; all Grothendieck topoi arise as 1-topoi in this way,
though different co-topoi may give rise to the same 1-topos. The terminal co-topos Grpd yields
a terminal n-topos T (,_1)Grpd = (n — 1)-Grpd; in particular, the terminal object Set in the

1-category of 1-topoi arises as T<oGrpd .

3.5.2 Types of co-Topoi

Many properties of co-topoi can be expressed in terms of their unique geometric morphism
into Grpd. There are many similar properties defined in this form, which for convenience we
put into a table. Read f as the geometric morphism f* - f,; the Adjunction column lists all
adjunctions that must exist to satisfy the corresponding condition on f, and the Additional
column lists conditions on these adjunctions. If the terminal geometric morphism from an oco-

topos H into Grpd satisfies the given conditions, the rightmost column tells us what to call

8Fixing an n-truncated Y, n-truncation of X implies and is implied by n-truncation of f (HTT, 5.5.6.14), so all

morphisms in 7<,C are automatically n-truncated.
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H. For instance, an essential geometric morphism is one with whose inverse image has a left

adjoint, and an oco-topos whose terminal geometric morphism is essential is known as locally

connected.
Condition on f Adjunction Additional ForI' : H — Grpd
Connected f* 4 fu f* it X
Essential fi 44 fs n.a. Locally connected
X fidf 4 fs f« L1 Connected
Strongly connected fi 4 fs fi cartesian Strongly connected
Totally connected fi 4 4 fs filex Totally connected
X ffAfAf n.a. Locally local
Local fFAfAf f* it Local
Discrete A Af 15, f« £.1. X
Cohesive fAf A fo A | fF L, fi cartesian Cohesive

x: No recognized name. Ff.: fully faithful®. Lex: left exact.

In general, we will denote a right adjoint to the global sections functor I' : ‘H — Grpd by V,
and a left adjoint to the constant sheaf functor A : Grpd — H by I1. An adjoint quadruple, as
seen in for instance a cohesive oo-topos, will therefore be represented as follows:

—vV—
Y
H T Grpd I[I4AAT AV
— A —

T

3.5.3 Cohesion, Elasticity, and Solidity

Cohesion Read off the previous table that a geometric morphism f : & — ¥ is cohesive

if its inverse image f* is fully faithful and has an additional left adjoint fi which preserves

OA left (right) adjoint is fully faithful iff its unit (counit) is a natural isomorphism. Given an adjoint triple
F 4G - H, we have Hom(GFX,Y) = Hom(FX, HY) = Hom(X, GHY), so that GF is left adjoint to GH; adjoints
are unique up to natural isomorphism, so one is naturally isomorphic to the identity iff the other is. Therefore F

is fully faithful precisely if H is. In particular, in the adjoint triple fi 4 f* - f., f. is fully faithful precisely if f; is.
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finite products, and its direct image f. has an additional right adjoint f*, giving us an adjoint
quadruple fy 4 f* 4 fi 4 .

Take a cohesive co-topos H, with adjoint quadruple IT 4 A 4T - V into Grpd. We think of
the functors A,V : Grpd — H as sending an co-groupoid X to a discrete space, in which every
object of X is distinguished in the space AX, and a codiscrete space, in which X is treated as one
big "clump" in the space VX. The functors IL,T' : ‘H — Grpd we think of as sending a space

X € H to its space of connected components and its space of points, respectively.

The adjoint quadruple induces an adjoint triple of endofunctors on H,
AolIlH4Aol'4Vol

the first and last of which are idempotent monads, and the second of which is an idempotent

comonad.

¢ The leftmost endofunctor acts on a space X € H by dropping all information internal
to each connected component, rendering the collection of all connected components dis-

crete, keeping the shape of X; it is known as the shape modality |.

¢ The middle endofunctor dissolves all spatial structure on X, endowing its points with
the discrete topology, while the rightmost endofunctor dissolves spatial structure and
then endows points with the codiscrete topology; they are known as the flat and sharp

modalities, b and 1.

Objects X for which bX = X or §X = X are known as discrete and codiscrete objects,

respectively.

Elasticity Take two cohesive co-topoi &, ¥, and let ij,; : & — ¥ be a functor fitting into a
series of adjunctions

linf 3 Wi s = Ding A Ly
such that [y = Ilg o I1;;,r and likewise for A and I'. We say that ¥ is an elastic topos over &,

or differentially cohesive. So, the situation is as follows:
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iinf-)
— g — 1y
grp[[—Ag—> —Af’nf—>7_~
—Tg—— <—rznf
— Vg —
V¢ >

Again, each of & and ¥ have their own co/monads ([g,be, te), ([#,b#, §7), but we now

have an additional adjoint triple
Ging © Wling A By o Tlipyr = By 0 Tigs
of endofunctors on ¥ .

® ijuf o Il is an idempotent comonad known as the reduction modality . Objects invari-

ant under R are known as reduced.

® Ajyf oIl is an idempotent monad, the infinitesimal shape modality 3. Objects invari-

ant under J are known as coreduced.
* Ajufoljys is an idempotent comonad, the infinitesimal flat modality &.

We have
&obg = AjygoTinpo Ay 0Ty = AjyroLiypoAyysoAgoTg 0Ty
= Ajproliyp o Ajppobg oTiyr = Ajyrobg ol = by
So all objects invariant under b# are invariant under & as well, implying that the modality
of by is subsumed by that of &; we write this relation as & > b. Likewise, J > [. (Careful

factorization suffices to prove all the relations of this form that we will encounter, and will be

omitted).

Solidity Let & 7 ,G be cohesive oco-topoi with both ¥ and G elastic over &. G is a solid

oo-topos if it is equipped with a functor even : G — F with a series of right adjoints
even _| isup _| HSMP _| Asup _{ I‘Sl/lp

such that [1g = Ilg oI5y = Ilg o I ¢ o Iy, and likewise for Ag and I'g.

The situation is as follows:
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<—even ——
iinf > isup >
— g — < Hz’nf <— Hsup
Qqacf — A — —?%nf—> 7: Asup—> g
—Tg—— < Linf — Tsyp —
— Vg —
V¢ >
Vg >

We again have a triplet of endofunctors on G:
* The idempotent monad i,y o even known as the fermionic modality =
* The idempotent comonad is;p © Ils,, known as the bosonic modality ~~
* The idempotent monad Asy o sy known as the rheonomy modality Rh

By being elastic over & and cohesive over Grpd, it also has the two previous triplets of modal-

ities, and admits the relations ~»> 9 and Rh > J. We therefore have three generations of

modalities, which [ ] arranges into the progression
id 4 id
Vv V
= 4 ~ - Rh solidity
V V
R 4 7T 4 & elasticity
Vv V
[ b 4t cohesion
V V
g 4 %

including the trivial adjunctions id 4 id and @ - *, where @ and * are the constant endofunc-

tors on the initial and terminal objects, respectively.
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Chapter 4

Homotopy Type Theory

4.1 Type Theory

4.2 Homotopy Type Theory
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Chapter 5

Modality

5.1 Modal Logic

51.1 Idea
5.1.2 Classical Logic
5.1.3 Modal Logic

5.1.4 Modal Axioms

5.2 oo-Monads

5.2.1 2-Categorical Adjunctions

The 2-Category of Quasi-Categories Recall that the proper notion of a hom-set in an oo-

groupoid is that of the mapping space Map (X, Y), which is the pullback

Map,(X,Y) —— Fun(Al,C)

l B lFun(i,C)
* ————— CxC= Fun(0A',C)

o (X)Y)
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This is an co-groupoid, the objects! of which are equivalent to morphisms X — Y and the mor-
phisms of which are maps f : Al x Al — C such that f({0},s) is degenerate at X and f({1},s)
is degenerate at Y. Homotopically speaking, these are identifications of equivalent morphisms
in C, and we may take myMap (X, Y) for all X, Y to get a proper category associated to C.

The proper notion of the functor category from C to D is given by the internal hom in simpli-
cial sets,

(DC)” = FunQQClt(An X C/D) = HomsSet(An x C, D)

a quasi-category itself. Hence, we may consider the category of quasi-categories to be a 2-
category, with objects the quasi-categories and hom-categories the homotopy categories of the
internal homs. We will denote this 2-category QCat,.

Whiskering in QCat; is given by actual composition of maps of simplicial sets, e.g. Ly =
Lo : A' x C — C — D. Composition of 2-cellsa : A = B, B : B = C within Fun(C, D)
is given by taking the 1-simplices represented by a(—, X) and B(—, X), which form an image
of the horn A%, and filling this horn in to obtain a further 1-simplex, which we associate to

(Boa)(—, X).

The Walking Adjunction 2-categorically, adjunctions merely represent a selection of 1-cells
and 2-cells satisfying certain coherence data. Hence, we might expect there to be a 2-category
freely built on this data which represents adjunctions. We may construct such a 2-category as

follows:

Consider two objects, denoted + and —.

Addtwol-cellsL:+ — —, R: — — +.

Add two 2-cellsy :idy = RL, e : LR = id_

Freely generate the category on these cells, subject to the relations (eL) o (Ly) = id; and
(Re) o (yR) = idR.

The resulting 2-category, which consists of an adjunction L 4 R and no other data, is known

as the walking adjunction Adj. Recalling that the 2-category of adjunctions in a 2-category C,

IThe terms object, O-cell, 0-simplex, and vertex are interchangeable here, as are the terms morphism, 1-cell,

1-simplex, and edge; we will use n-cell for higher cells/simplices.
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denoted Adj(C), has as its 1-cells the adjunctions in C and as its 2-cells pairs of mates between
adjunctions, we have Hom,_c,:(Adj, C) = Adj(C).

The hom-categories of Adj can be characterized as follows [ ]:

Homagj(+, +) = A, the category obtained by appending [—1] = @ to A; id is given by

[—1].

Homagj(—, +) = A, the wide subcategory of A on those morphisms preserving greatest

elements.

Homagj(+, —) = A_, the wide subcategory of A on those morphisms preserving 0.
(Equivalently, A%).

HomAdj(—, —) = Aj_p.

Homotopy Coherent Adjunctions Given oo-categories (quasi-categories) C, © and a pair of
oo-functors L : C — D, R : D — C, L and R are left and right adjoints when they are
so in QCatp; hence, whenever there is a 2-cell 7 : id¢ = RL, or a map of simplicial sets
n: Al x C — C with 7({0}, X) = Xand ({1}, X) = RLX, as well as a 2-cell € : LR = idp
associated to amap € : Al x D — D. We require that (eL) o (Ly) = id; and (Re) o (yR) = idg
as 2-cells in QCatp, and therefore that they are homotopic as 1-simplices in Fun(C, D) and
Fun(D, C).

2-categories embed into simplicially enriched categories by replacing hom-categories with
their nerves. In this manner, we replace the walking adjunction Adj € 2-Cat with the free
homotopy coherent adjunction Adj € sSet-Cat, with simplicially enriched functors from A4
to sSet-Cat (for instance, to Q€at, or any other co-cosmos) being known as homotopy coherent

adjunctions.

Any homotopy coherent adjunction yields an adjunction in QCat; via forgetting higher sim-
plicial data. Conversely, given an adjunction Adj — QCat;, the set of homotopy coherent ad-
junctions Adj — sSet-Cat extending this adjunction forms a contractible Kan complex [

|; hence, there is, up to homotopy, a unique homotopy coherent adjunction

associated to any 2-categorical adjunction.
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5.2.2 Homotopy Coherent Monads

Monads Consider the sub-2-category of Adj consisting solely of the object + and its hom-
category A . A functor F from this 2-category to a 2-category C will have the following data:

* An object X = F+ of C.
e For each integer n > —1, a 1-cell F**! = F[n] : X — X. In particular, F® = Fid; = idx.
e For each order-preserving map f : [m| — [n|, m,n > —1,a 2-cell f : F" = F".

The 1-cells satisfy F o F" = F"*" and the 2-cells satisfy the simplicial identities. In particular,
if we suggestively label the unique 2-cell F* = F! by 7, and the unique 2-cell F> = F! by y,
then y o Fly = ponFl:

1 - 1
N\ 7N
0——0——0 0 —
and p o (Tu) = po (uT):
2 2
AN N\

1 1
0 > 0 > 0 0+

\ I \
7 L 7

Hence, a functor from {+} to C defines a monad on the object X € C. We denote the 2-
category {+} by Mnd. Again, we obtain the free homotopy coherent monad Mnd € sSet-Cat by
taking nerves of hom-categories, defining a homotopy coherent monad, or co-monad, to be a
simplicially enriched functor from Mnd. This continues to work in any co-cosmos; our primary
focus shall be Q¢at.

Dually, a functor from {—} to C defines a comonad on the target object, so we denote the 2-
category {—} by Cmnd; taking nerves, we get homotopy coherent comonads, or oo-comonads,

as simplicially enriched functors from the nerve Cmnd of Cmnd.
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5.3 Modal Homotopy Types
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Part 111

Four Notions of Space
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Introduction

One of the core aims of metaphysics is an explication of the nature of the physical dimensions
of our experience: of the phenomena of space and time. Einstein’s general theory of relativity
demonstrated that the two concepts could be unified in a manner consistent with experience:
that time was a special kind of space, differing only due to a metric in which one dimension,
that of time, bore a different sign from the others. While we now know that general relativity
is, strictly speaking, incorrect (it breaks down at the smallest scales), we believe that any correct
theory would still treat time as a kind of space, restricting the study of space and time to that
of space and the various structures that may be placed on it.

In this part, we will describe three conceptions of space, each with a different categorical

structure:

1. Synthetic differential geometry, a synthetic conception of space taking place within the
internal language of a topos. The motto: a space is an object which satisfies a certain set of

axioms.

2. Diffeological spaces, a sheaf-theoretic conception of space that uses the geometry of R"
to generate a notion of "smooth structure" going far beyond that of smooth manifolds.

The motto: a space is a set which can be smoothly probed.

3. Noncommutative geometry, an algebraic conception of space relying on the description
of topological spaces by their algebras of functions to develop a spatial theory of algebras

of functions in general. The motto: a space is its set of functions.

4. Structured spaces, a higher categorical conception of space that generalizes the algebro-

geometric notion of a locally ringed space to provide an account of geometric objects in

We will then describe some of the phenomenological aspects of space, from the philosophi-

cal, physical, and mathematical perspectives.
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Chapter 6

Synthetic Differential Geometry

6.1 Infinitesimals

6.1.1 The Kock-Lawvere Axiom

Given a commutative ring object R in a topos &, we define the subobject of infinitesimals of R

by D := {x € R | x> = 0}. The Kock-Lawwvere axiom for R reads
(Vf € RP)(3!c € R) ((Ve € D)(f(e) = f(0) + ce))

Clearly 0 € D,so 0 : 1 — R factors through D. As a consequence, we have that if c;e = cy€ for
alle € D, then ¢; = ¢, (let f(€) = c1€). The KL axiom allows us to work with infinitesimals
as though they actually exist, using them to define derivatives around points. However, this
comes at a cost: we cannot in general exhibit non-zero infinitesimals.

In order to work with the KL axiom, we must explicitly reject the principle of excluded
middle: to see this, define a map f : D — R which sends € to 0 if € = 0 and to 1 otherwise; the
KL axiom implies that there’s a unique ¢ € R such that f(€) = c- e for all e € D. Assuming the
LEM, either D contains only 0 or D contains other elements. If D contains only 0, then ¢ cannot
be unique; hence, it contains an € # 0, and a unique ¢ such that ce = 1. It follows that 0 =
(ce)2 = 12 = 1, a contradiction. Hence, we must throw out the LEM, and work constructively.
Another consequence of this is the undecidability of R: the sentence (Vx,y)(x = y Ax # y) is

not true. In particular, & cannot show that infinitesimals are non-zero.
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This is in part because the KL axiom is very strong: fixing an x € R, f : R — R, and
k: D — Rsending 0 to f(x) and € to k(e) = f(x + €), the KL axiom gives a unique cy in R
such that f(x +€) = f(x) + ce. We write f'(x) := ¢y to get a function f’ : R — R known as the

derivative of f, and state Taylor’s formula:
Ve € D(f(x +€) = f(x) +¢f (x))

So KL implies that every function f : R — R is differentiable.

An Alternative Statement Here’s another statement equivalent to the KL axiom: take the R-
algebra R[e] = R x R with multiplication (a,b) - (c,d) = (ac,ad + bc). Then (KL2), the map
a: R[e] = RP,a(a,b)(e) = a + eb is an R-algebra isomorphism.

It’s clear that (a(a,b)a(c,d))(e) = a(ac,ad + bc)(e), as well as that this statement, KL2, im-
plies the original statement (KL1). To see the converse, assume KL1. Then, not only is ev-
ery function f of the form «a(f(0),c), but for every a(a,b) there is a unique ¢ € R such that
a+be =ua(ab)(e) = a(a,b)(0)+ ce = a+ ce for all €; b obviously satisfies this, and hence is
the only element of R that satisfies this, making it, and hence the pair (a,b) recoverable from

the function a(a,b). So KL1 is equivalent to KL2.

Spectra Given an arbitrary R-algebra A € & and a finitely generated R-algebra B = R[x1,...,x,]|/],
for instance a Weil algebra, the spectrum Spec ,(B) is a subobject of A" consisting of those
a = (ay,...,a,) such that P(a) = 0 for all P € I. For instance, Specg (R[x]/(x*)) = {x € R |
x? = 0} = D. For W a Weil algebra, the object Specy (W) is known as the formal infinitesimals
object of R (with respect to W). The process of taking spectra with respect to R is functorial: a

morphism ¢ : W — W’ of Weil algebras generates a morphism ¥ : Spec (W') — Specg (W)

A third formulation of the KL axiom states that (KL3) the R-algebra homomorphism « :
W — RSpecr(W) a(P)(x1,...,x4) = P(x1,...,%,), is an isomorphism. In the topos &, every
Weil algebra W yields a functor (—)5P*x W which is right adjoint to the functor — x Specy W.
If each W satisfies the KL axiom and (—)%P® W is always a left adjoint as well, & is known as a

smooth topos. The right adjoint, known as the amazing right adjoint, is denoted (—)!/SPecx W,
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Differentiation The differentiation given by the KL axiom satisfies the usual properties: for
instance, consider two functions g, f : R — R. (gf)(x + €) is equal to (gf)(x) + e(gf) (x),
but also equal to g(f(x) + €f'(x)), which since ef’(x) is an infinitesimal is itself equal to
(¢f)(x) +ef (x)g'(f(x)), implying that (¢f) (x) = f'(x)(g'f)(x), i.e. the chain rule. Simi-
larly, differentiation satisfies the product rule, is R-linear, sends constants to 0, and sends idg
to 1.

We define D,, to be the set of all nth order infinitesimals, or elements x € R such that x" 11 =
0. (In particular, D = D;). D4 is defined to be the set of all nilpotent elements, or x € R
such that x" = 0 for some n > 1. Supposing that 2,3, ... are invertible in R, the higher order

extensions of the KL axiom are as follows:
Vf € RPn3ley,...,chn €R (Ve € Du(f(e) = f(0) + cyet —i—c2€2+...—|—cne”))

and the corresponding Taylor formulas are

€2 e
Ve € D, (f(x+e) = f(x) +ef'(x) +Ef”(x) +...+Ef(”)(x))

An R-module V satisfying the following vector version of the KL axiom is known as a Eu-

clidean R-module:
Vf e VP3lw e V (Ve € D(f(e) = f(0) +€-v))

When V = R", we can write ¥ = (x1,...,%,), and we have for a function ¢ : R” — R" such
that g(X +€-¥) = f(e) aZ € R" such that g(X¥ + € - ) = g(¥) + € - Z. We define the directional
derivative J;¢ of ¢ in the direction ¥ to be this Z, and the ith partial derivative 0;f to be the
directional derivative in the direction of the ith unit vector. The map i — 9;¢ is known as the

differential g’ of g.

6.1.2 Differential Geometry

Microlinear Spaces Given a topos & and a commutative ring object R satisfying the KL ax-
iom, take the nested categories Weil C R-Algep C R-Alg of Weil algebras, finitely presented R-
algebra objects, and R-algebra objects, respectively. We have a pair of functors R™ : &% — &
and Specy : R-Algh O Weil®? — &. Given a finite limit diagram 7 of Weil algebras, D =
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Spec (J) is, while not necessarily a colimit, at least a cocone. An object M € & is a microlin-
ear space if MP is a limit diagram for every J. Microlinear spaces will serve as our generalized
manifolds. These spaces contain R, are closed under limits (e.g., arbitrary products), and con-
tain exponentials: if M is microlinear and X an arbitrary object, MX is again microlinear. Thus,
we already have a rich abundance of microlinear spaces. A Lie group is a group internal to &

which is also a microlinear space; again, the trivial example is R.

Tangent Vectors Given a microlinear space M, a vector bundle over MisanepicE =7 : E —
M such that 777! (x) is a Euclidean R-module, and a section, also known as an E-vector field,
of the vector bundle E is a morphism s : M — E such that 7ts = ids. The tangent bundle of a
microlinear space M is the object MP equipped with a map 77 : MP — M, t + t(0); its elements
are tangent vectors, and the tangent space of M at a point x is the collection MY of t € MP with
7t(t) = t(0) = x. We write TM = MP, T,M = MP, and think of elements of MP as probings of
M in infinitesimal directions, hence tangent vectors. A TM-vector field, just known as a vector
field, is a map M — MP satisfying the above properties; by cartesian closure, we can look at
a vector field X not just as a map M — MP, but as a map M x D — M, or even as a map
D — MM taking an infinitesimal d and giving us an infinitesimal deformation X, of M. Using
this definition, the object X (M) of all vector fields on M becomes an R-module under the action
(rX)s = Xy4. This definition also allows isomorphisms ¢ to act on vector fields X: we define

(9« X)g = pXa¢~ L. If @ is an endomorphism, we may define (¢*w)(v) = w(¢p 0 v).

Given a v € MP", which we think of as a function taking in n infinitesimals and outputting
an element of the microlinear space M, as well as an r € R, we define r,v(dy, ..., dn) =
o(dy,...,rdy,...,d,). Givena o € S,, we define v7(dy,...,d,) = v(dy1,...,den). An n-form
on M is amap w : MP" — R such that w(rwv) = rw(v) and w(v”) = (—1)°w(v). The object
A" (M) of all n-forms on M is a microlinear space as well as a Euclidean R-module. We denote
by X * v the element of MP""' given by (X % 0)(dy, ..., dy41) = Xg,(v(da, ..., dy41)), and by

ixw the (n — 1)-form actin onawec MP"'b ixw)(w) = w(X *xw).
& y

For X,Y € X(M), we define [X,Y];4, = Y_4,X_4, Yy, Xy, the vector field [X,Y] is also
written LxY, and is equivalently the unique vector field such that (X ;)Y —Y = dLxY. The
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exterior derivative of an n-form w is given by

n+1

(dw)(v) = 3 (1) (F)'(0)

i=1

where Fi(e) = w(v(dy,...,di_1,e,dis1,...,dy)); as expected, it satisfies d> = 0. With this in
mind, we state Cartan’s three "magical formulae” without proof: Lixy] = Lix Ly}, ixy] =

L[X’iy}, and Ly = dix + ixd.

Formal Manifolds More specific than the microlinear spaces are the formal manifolds, which
take some effort to set up. A morphism f : X — Y is étale if for every element x : 1 —
X and morphism ¢ from an infinitesimal object Specy W to Y, there is a unique arrow h :
Specy W — X which maps 0 € Specy W to x and satisfies fh = g, i.e. makes the diagram

below commutative.

11— Specy W

| b
P

XﬁY

If Y = R" and f is monic, X is said to be an n-dimensional model object. An object M is
an n-dimensional formal manifold if there are étale monics X; — M, where each X; is an n-

dimensional monic object, whose coproduct is a regular epic morphism II; X; — M.

6.1.3 Smooth Algebras

Let CartSp be the subcategory of Diff consisting of the cartesian spaces {IR" },cy. A C*°-ring, or
a smooth algebra, is a product-preserving functor CartSp — Set, and a C*>°-ring homomorphism
is a natural transformation of functors. These form a category which we will denote C*°-Alg.
Intuitively, C*°-rings are modeled on (but not restricted to) rings of the form C*>°(M), for some
smooth manifold M; for such a ring, we may define ®¢(¢1,..., ) (p) = f(@1(p), ..., ¢n(p))
to get a C*°-ring.

Given a C*-ring A : CartSp — Set, we may endow A(R), and hence all A(R"), with the
structure of an R-algebra by using the images of the morphisms + : R> - Randc- — : R — R:
for x,y € A(R) and ¢ € R, we denote by x + y the image of (x,y) € R? under the morphism
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A(+) : A(R?) = A(R)?> — A(R), and we denote by cx the image of x under the morphism
A(c-—) : A(R) = A(R). That the necessary R-algebra identities hold in CartSp imply that
they hold in Set as well. Hence, we may associate to every C*°-ring an underlying IR-algebra
A(R). We will often identify A with A(R), though we can’t identify any given R-algebra X
with a C*°-ring: it’s necessary that X lifts morphisms R” — IR to morphisms X" — X™ in a
nice way. Specifically, we require an operation ®; : X" — X for every smooth map f : R" — R
such that, for h(x1,...,x,) = g(fi(x1,.., %n), ..., fm(x1,...,%xn)), we have &, (x1,...,x,) =
q)g(@fl(xl, . .,xn),...,q)fm(xl,...,xn)) aswell as @, (x1,..., %) = ¥;.

Finitely Generated Ideals Of particular consequence is when A is equivalent to C*°(R") /I
for some ideal I of C*°(IR"): when this happens, A is said to be finitely generated, and when
I = (iy,...,in) is finitely generated as an ideal, A is said to be finitely presented. Every C-
ring of the form C*°(M) for a smooth manifold M is finitely presented, for instance. If A is
local as a normal ring, it’s known as a local C*°-ring. The primary example is, as encountered
in algebraic geometry, the stalk of the sheaf of smooth functions on IR”, written C;°(R").

We define the category L°P to be the subcategory of C*>°-Alg consisting of the finitely gen-
erated algebras; the objects of L are known as loci, and written as ¢A, (B, ... (where A, B are
finitely generated smooth algebras). A morphism ¢B — (A of L is a morphism A — B, or, if
B =C*®(R™)/]J and A = C*>*(R")/I, an equivalence class [¢] of functions R” — R" acting as
¢(f) = f o ¢; we require each ¢ to satisfy f € I = ¢(f) € ], so that ¢ extends to a function
C®(R")/I = C*(R™)/], f+(I) — ¢(f)+ (J), and write ¢ ~ pifeach mio (¢ —¢) : R" - R
isin I.

Sett™

is a Grothendieck topos (by equipping L with the indiscrete topology in which all
presheaves are sheaves). The functor s : Diff — L sending a smooth manifold M to /C*°(M)
is full and faithful, and when combined with the full and faithful Yoneda embedding & : L —
Set"” evidences Diff as a subcategory of Set”™. So, Set” can be thought of as a category of
"generalized" smooth spaces, and at the same time as a category of "variable" sets. For a functor
P € Set"™, we say that a element of P at stage A is an element x of the set P(/A). By Yoneda,
these can be identified with natural transformations from /A to P (where we have silenced the
Yoneda embedding). A map ¢ : A — Bin L yields a map ¢ : /B — (A in Set”, and hence

maps elements of P at stage /A to elements of P at stage /B by composition; this is known as
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restriction, and written as x| .

Smooth Reals In the topos Set"”, the smooth real line R can be identified as the functor R =
(C*®(R); elements of R at stage ¢ A, or natural transformations /A — R, are just called reals at
stage (A. For A = C*(IR") /I, this is an equivalence class f(x) mod I, where f : R" — RR. The
internal ring structure on R derives from a ring structure on each set of reals at a given stage /A
given by simply taking pointwise addition and multiplication of functions mod I. The terminal
object ("point") is given by 1 = ¢(C*>°(R)/(x)), and the object of nth order infinitesimals is
((C*(R)/(x"*1)). The smooth interval object [a, b] is given by E(COO(]R)/m([’zb]), where mf7,,
is the ideal consisting of functions that vanish on [a,b]. Again, we may analyze these objects
by their elements at stage /A for A = C*>°(IR")/I: for instance, the nth order infinitesimals are
those smooth functions f such that f"*! € I. To prove all of this, we state the Kripke-Joyal

semantics for Set™”: letting x be an element of X at stage /A, we have

e (AIF¢(x) Ap(x) (resp. P(x) V ¢p(x))iff LA IF p(x) and (resp. or) LA I ¢(x).

o [AlF¢(x) = y(x)iff forevery f: (B — (AinL, (B IF ¢(x|f) implies £B IF i (x|f).

e (AlF Jy € F¢(x,y) iff there’s an element y, of F at stage ¢A such that /A IF ¢(x,yo).

e (A - Vy € F¢(x,y) iff for every f : YA — (B in L and element y, of F at stage /B we
have ¢B IF ¢(x|f, yo)-

This allows us to prove that the KL axiom Vf € RP3!lc € R (Ve € D(f(e) = £(0) + ce)) is valid

for R, as well as the following integration axiom:
vf e ROI3F ¢ ROU (F' = £ A F(0) = 0)

The function F whose derivative is f is known as the integral of f.

While L°P consists of the finitely generated smooth algebras, we define G°P to consist of
tinitely generated smooth algebras whose ideals are determined by germs. The category G,
then, consists of loci of the form ¢(C*(IR")/I), where I is such that f € I iff the germ of f at
an arbitrary point x € Z(I) (i.e., g(x) = 0 for all g € I) is in the germ of I. (The = part is
trivial, whereas the <= part is the real restriction, and where the name "ideal determined by
germs" comes from). A second subcategory F°P C L°P is given by smooth algebras of the form

C>°(IR™) /I, where I is closed, or such that if for every x € Z(I), the Taylor series of a function
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f at x resembles the Taylor series of some element of I at x, then f € I. Finally, an ideal I of
C*>(IR") is point determined if Z(f) O Z(I) = f € I. These generate the subcategory E°P.

Since the germ of a function contains its Taylor series, closed ideals are germ determined, so
that F°P C G°P and hence F C G C L; furthermore, since the Taylor series of f in particular tells
us about its vanishing points, point determined ideals are closed, and hence E C F C G C L.
Every ideal I of C*°(IR") admits a smallest germ determined ideal I given by the set of all f
whose germ is an element of the germ of I at all points x € Z(I); this assignment is functorial,
and is in fact left adjoint to the inclusion G°? — L°P. The same formula gives us left adjoints
to the inclusions E°? — F°P, F°P — G°P, and hence a sequence of coreflective subcategory
inclusions E — F — G — L. The right adjoints L — E, L — F, L — G are customarily denoted
by v, x, and A, respectively; we’ll also denote the right adjoints G -+ E,G — F,and F — Eby 7,
x, and <, so that oy makes a finitely generated ideal in any of these categories point determined,
x makes an ideal closed, and A makes an ideal germ determined.

Given a function f € C*(RR"), the most general solution to providing C*(R") with an
inverse of f is given by the smooth algebra C*(f~!(R — {0})). We write this algebra as
C>®(R"){f~1}, and associate to it a canonical morphism ne @ C(R") — C®(R™){f 1} re-
stricting a smooth ¢ on R" to the subset of R” on which f doesn’t vanish. We define (C>*(R")/I){f~!} =
C®(R"){f*}/n4(I); while this construction doesn’t necessarily map elements of G°P to ele-
ments of G°P, C**(R")/{f~'}/n¢(I) will be finitely generated so long as C**(IR")/I is, and
hence we can obtain a germ determined locus A4((C*®(IR")/I){f~'}) equipped with a canon-
ical morphism into ¢(C*(IR")/I).

The Topos We define a Grothendieck topology | on G as follows: a family {f, : (A, —
(A}yeq is a covering family if for every a € () there’s a function b, € A such that f, factors
through the canonical map A¢(A{b;'}) — (A, and the family {7 fy}4cq covers 7¢A. | sends
¢ A to its collection of covering families. The Grothendieck topos Sh(G, ) is denoted G. As

.o . op
usual, we have a sheafification functor —" : Set®

— @G left adjoint to the inclusion functor
G — Set®”, as well as a global sections functor T' : G — Set, ['(F) = F(1), right adjoint to
the sheafification of the constant presheaf functor A(S)(¢A) = S. Writing A = C*>°(IR")/1, this
sheafification sends ¢A to the set of locally constant functions Z(I) — S. T is also left adjoint

to the functor B sending a set S to the sheaf sending ¢ A to the set of all functions Z(I) — S.
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The Kripke-Joyal semantics for G are equivalent to those of Set"™ for the operators \, =,

and V, but differ for the other connectives.

e (A IF @(x)V(x) iff there’s a covering family {f, : {A, — (A} such that, for each «,
LA I @(x]g,) or LAy I (x]g, ).

e (AlF 3y € F¢(x,y) iff there’s a covering family {f, : Ay — (A} such that, for each g,
there’s an element y, of F at stage (A, (i.e., Yo € F({Ay)) with A, IF ¢p(x,ya).

o (Al —¢(x) iff for every f : (B — £A such that /B I- ¢(x|f), B = 0.

Just as in Set*”, R = G(—,/C>®(R)) is a commutative ring object with orders <, <. The
difference is that, in G, R satisfies the following additional properties: G = -(0 = 1), G =
Vx,y € R(x+y € UR) = x € UR)Vy € U(R)),and G | Vx € RIn € N(x < n).
Here, N is the natural numbers object/sheaf sending /A to the set of locally constant functions
¢A — IN. The first two statements state that R is a local ring, and the third states that R is

Archimedean. Furthermore, R satisfies the field axiom
Vx1,...,xn € R(-(xy =0A...Ax, =0) = (x1 € U(R)V...Vx, € UR)))

as well as the Kock-Lawvere and integration axioms from Set"” . Locality is often studied in the
form of an apartness relation # whereby x#y if x — y € U(R), or equivalently if x <y VvV x > v.

If we replace G with F and A in the definition of a covering family with x, we obtain a
Grothendieck topology | on F whose corresponding Grothendieck topos Sh(F, J) is denoted
¥ ; the entirety of the above discussion of G holds for 7.

6.2 Physical Models

6.2.1 General Relativity

Synthetic differential geometry allows us to construct an intuitionistic theory of spacetime in
which general relativity can be constructed; we will use the model of SDG provided by the
topos G of sheaves over the site of finitely generated smooth algebras with germ determined

ideals. Our plan will be to set up the elements of classical Riemannian geometry (connections,
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curvature, and so on) in a synthetic manner, and study the interpretation of Einstein’s equa-

tions in G.

Connections and Curvature An infinitesimal n-cube on an object M is an element of MP" x
D", and an infinitesimal n-chain is an element of the free R-module C,,(M) generated by all
infinitesimal n-cubes on M. Writing I = [0, 1], a finite (or "big") n-cube on M is a morphism
I" — M, and a finite n-chain an element of the free R-module T',,(M) generated by finite n-
cubes.

A affine connection on a microlinear space M is a bilinear morphism V : TM x TM —
MP*DP (where the pullback is taken over the morphisms v + v(0), so these are two tangent
vectors at the same point) such that V(v,w)(d1,0) = v(dy) and V(v,w)(0,dp) = w(dy). If
V(v,w)(dy,dp) = V(w,v)(dy,dy), V is said to be torsion-free. From a connection V on M, we
may define another function T which associates to each (v,d) € TM x D a parallel transport
14(v, —) : T 1(v(0)) = 7t~ (v(d)); this map is linear in both v and its argument, is the identity
ford = 0,and 73(Av, —) = Ty4(v, —). We identify 7;(v, w) with the parallel transport of w along
v for an infinitesimal period of time d. Specifically, 74, (v, w)(d>) is defined to be V (v, w)(d1, d2).

Given a connection V on a microlinear space M, we would like to define the Riemann curva-
ture tensor in terms of the parallel transport of a vector along the boundary of an infinitesimal
2-chain. Given such a 2-chain (v, d,dp) € MP? x D? based at a point x = (0,0), we do this as
follows: take a vector v and transport it along y(—,0) for a period of d; "seconds". Transport
the new vector along y(dy, —) for a period of d; seconds, transport backwards along (0, —) for
dy seconds and finally transport backwards along y(—, d») for d; seconds, before subtracting v

from the result. This gives a preliminary map

R'(7,d1,d2,0) = .} (7v(=,d2), 75, (7(0, =), 7, (v(dr, ), T, (7(—,0),0)))) — v

Being bilinear in both d; and d,, we may define a map ¢(d1,d2) = R'(7y,d1,d2, v) which induces
by microlinearity of TxM a function ¢ : D — TyM such that ¥(d1dy) = ¢(dy,d>). By KL, this
can be written as ¢(d) = do for a unique v € TyM. We define R” : MP*P x; TM — TM to
send a pair (7, v) to this 9, and define the Riemann curvature tensor R : TM Xy TM X p TM —
TM by R(v1,v2,v3) = R"(V(v1,v2),v3). If M is a formal manifold, we may work in local

coordinates: the connection V becomes a function that takes in a point x € M along with two
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vectors v, w € R", and returns an element of M x R" x R" x R". The fourth component of this
tuple is denoted V4, and used to define the Christoffel symbols: in a basis {ey,...,e,} of R",
these are given by I ].k(x) = 71;(V4(x, e, ¢;)). The Riemann curvature tensor decomposes into
components in the usual manner: R’ ik = 8]-1“£k1- — g T* it It ijmki - kaml"m ji (again, at every
point).

Hence, to a formal manifold M € G we may associate a Riemann curvature tensor R, jtoa
connection V. This gives us a Ricci curvature tensor R = R¢ .o and, with a Riemannian metric

gij, a scalar curvature R = g R;j and Einstein tensor G;; = R;; — %Rgij .

Einstein’s Equations Consider R* filled with dust with 4-velocity 1’ and density p. The clas-
sical Einstein equations read G;; = Tj; = xc2pu;uy, where « is Einstein’s constant. In G, real
numbers become elements of R at stage (A for A = C*(IR")/I; these are natural transfor-
mations from J&(¢A) to R = X(¢C*(IR)), which by Yoneda are in bijection with smooth func-
tions ¢ : R” — R modulo I. So, using G as a model for SDG, an arbitrary real number
r € R at stage (A is really a "parametrized" element of R, changing smoothly as we vary the
point v € ¢A. Similarly, an event, or element of R?, at stage ¢A is really a smooth function
R" — R% v — (x%(v),x'(v),x?(v),x*(v)) mod I. Taking the reals at stage 1 = X(C>®({x}))
recovers the usual set IR. So, in SDG, the Einstein equations G;;(x) = T;j(x),x € R* carry over
without modification at stage 1, stating that two pairs of 16 reals coincide at every point in
R* (Goo(x) (%) = Too(x)(*) and so on). At stage /C®(IR), the equations state that two pairs of
16 smooth curves through R*, assigned to each point in R*, coincide; at stage /C>°(R?)/I, they
become surfaces ¢ : R> — R* modulo the ideal I, and so on. [ ]

interprets the Einstein equations for a dusty universe at various stages.

This interpretation of general relativity can be carried out in any other smooth topos, thereby

inheriting its internal logic instead of G’s logic; to quote [ I

"The resulting space-time theory will be non-classical, different from that of the Minkowski
space-time. This is a new theory of space-time, created in a purely logical manner. It will
reflect the real space-time properties to the same extent as the development of mathematical

abstractions accompanies the development of the real world."
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6.2.2 Classical Mechanics

Here’s where we bring in the language of cohesive topoi. Let S = SmoothSet be the cohesive
topos of smooth sets, constructed above as the sheaf topos on CartSp with the differentiably
good open cover topology. Letting Qfl (M) be the set of closed p-forms on a manifold M, we
define a smooth set QF by OF(R") = QF(R"), as well as a morphism d : QF — QP dps =
d : OP(R") — QPTI(IR"). This smooth set is a "universal moduli space" for p-forms, in the
sense that for any smooth manifold M, considered as a smooth set, there’s a natural bijection
between morphisms M — QF and p-forms on M. Note that the machinery of smooth sets
is necessary to solve this moduli problem: QF is not the image of a smooth manifold, nor is
it even a diffeology. However, this anomaly allows us to lift the definition of p-forms from
manifolds to smooth sets: given an arbitrary smooth set X, a p-form w on X is a morphism
X — OF,and if dw == d ow = 0, w is closed. There is an object Qfl of closed p-forms given by
Q" (R") = {closed p-forms on R"}.

Presymplectic Sets A presymplectic smooth set is a pair (X, w), where X is a smooth set and
w a closed 2-form on X. (While w is closed, we haven’t said anything about nondegeneracy,
hence presymplectic), or equivalently a morphism X — Qfl. A p-form on X is really just an as-
signment to every plot ¢ € X(IR") of a p-form wr« (¢) on R", so we can add and multiply them,
and in particular we can take the tensor product of presymplectic sets (X, w) ® (Y, #), which
assigns to every product plot ¢ x X (IR") x Y(IR") the sum wgrn(¢) + nr=(P). A symplecto-
morphism between presymplectic sets (X, w) and (X', w’) is just a morphism ¢ : X — X’ such
that w'¢ = w. Hence, presymplectic sets assemble into the slice topos S/Q?. A presymplectic
subset of a presymplectic set (X, w) is simply a subobject ¢ : X' — X, which induces by com-
position a presymplectic set (X', w|x/ == w¢). If (wg)rr : X'(R") — OF (R") = O (R") is the
constant morphism x — 0, and the dimension of X' is half that of X, we call X’ a Lagrangian
subset of X.

Given two objects X, Y, we define a correspondence to be a diagram of the form X <~ C — Y,
and a equivalence of correspondences to be an isomorphism C = C’ forming a commutative

diagram
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C

7N

X Y
\ ! /
Given two correspondences X <~ C — Y « C' — Z, their composition along Y is defined
to be the correspondence X < C xy C' — Z. Hence, we can for an arbitrary topos & define
a 2-category Corr(&) of correspondences whose 1-morphisms X — Y are correspondences
X < C = Y and whose 2-morphisms are morphisms between correspondences. The category

Corr(S/Q%), for instance, has as its objects commutative squares

Xylef
Ny %

a7
This is a symmetric monoidal category under the tensor product (X, w) ® (Y, 1) = (X XY, w +
1) and unit (x,0).

Smooth Groupoids Suppose that instead we would like X(IR") to capture not just plots of
R™ in X, but gauge transformations — nontrivial isomorphisms — between plots. To do this, we
need a groupoid structure on each X(IR"). A smooth groupoid is a functor X : CartSp°® — Grpd
such that both the set of objects of X(IR"), denoted X((IR"), and the set of morphisms, denoted
X1(IR"), assemble into smooth sets. The category of smooth groupoids is denoted SmoothGrpd ;
this is just a "refinement" of SmoothSet, and we’ll also denote it S. We may obtain smooth
groupoids by taking a smooth set X with an action of a smooth group G, and taking the smooth
homotopy quotient X/ /G, whose objects (X//G)o(IR") are the objects of X(IR"), and whose
morphisms are of the form x — gx. For X an arbitrary one-point space, X/ /G is a groupoid
with a single object and an automorphism for each ¢ € G, with composition of morphisms

given by composition of group elements. This groupoid is known as BG. We define BU(1)conn
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to be the smooth groupoid to send R” to the groupoid O'(R)//Diff(R",U(1)) (where the
composition of two smooth functions f, g : R" — U(1)is (f - g)(v) = f(v) - g(v)).

6.2.3 Quantum Mechanics

Take a smooth topos & with smooth real line R, and denote by U(R) the subobject of invertible

(non-infinitesmal) elements of R. Assume that R satisfies the field axiom,
Vx1,...,xn € R(-(x =0A...Ax, =0) = (xy € UR)V...Vx, € UR)))

(For instance, we can again let & = G). In particular, forn = 1wehaveVx € R(x #0 = x € U(R)).
Denoting by C the complex numbers object (a 2-dimensional R-algebra, which also satisfies
the field axiom), we define a inner product on an R-module V' to be a symmetric, bilinear map
(—,—) : VxV — Csatisfyingv # 0 = (v,v) > 0. Note that, for V = R, we have for
x # 0 that (x,x) = x?(1,1) > 0, implying that x> = 0 and hence x € U(R); it follows that the
existence of an inner product on R relies on the field axiom for n = 1.

We’ll analyze the case of a spin 1/2 interaction, first in the classical case studied in [

], and then in the case of SDG, exposited in [ ].

The Stern-Gerlach Experiment In the Stern-Gerlach experiment, silver atoms are shot at a
target, passing through an inhomogeneous magnetic field B which splits the silver atoms along
the z axis. The electron shell structure of silver is 2, 8, 18, 18, and 1: four full shells, followed by
a fifth shell with a single electron. The first four shells cancel each other out magnetically, so the
magnetic moment ji of the atom is proportional to the spin S of the one electron. If the electron
behaved classically, the magnetic moment of the atom along the z axis, y,, would be distributed
anywhere between —|ji| and |ji|, resulting in the silver atoms forming a continuous interval on
the target. What we observe in practice is two distinct spots on the target, indicating that the
electron spin along the z axis is either fully up, S, = 11/2, or fully down, S; = —h/2. The same
holds when we reorient the machine to split the atoms along the x or y axes, suggesting that the
electron’s spin, when measured along a given axis, will take either an up or down spin along
that axis. We model this as follows: we have three axes x,y,z and three operators Sy, Sy, S,

each of which has two eigenvectors with eigenvalues +7 /2. We can model these operators as
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elements of C>*2: recalling the definition of the Pauli matrices

1 K N I

we write Sy, = %Ui. So the spin of an electron with spin up along the z axis is modeled by the
ket |S;;+) = [1,0]7, and likewise |Sy; +) = [1,i]T/v2, [Sy; +) = [1,1]T/V2.

Microlinear Lie Groups Moving to a smooth topos &, define the microlinear group G =
SO(3) to be the subobject of R3*3 consisting of the orthogonal matrices with determinant 1.
With matrix multiplication, this is a Lie group internal to & with identity e = I3. The fiber
T.G, consisting of all f : D — G such that f(0) = e, then has a bilinear operation [—, —] :
T.G x T.G — T,G given as [v,w|(d1dy) = w(—dp)v(—d1)w(dz)v(dq). This is antisymmetric
and satisfies the Jacobi identity, so we call it the Lie algebra g associated to the Lie group G.
s0(3) is, in fact, isomorphic to the Lie algebra su(2) generated by the Pauli matrices, implying
that we can consider these matrices, and hence the spin operators themselves, as elements of
T.G.

Now, suppose we have a system consisting of two interacting electrons, the total energy be-
ing encapsulated in a unitary Hamiltonian operator H. The classical time-dependent Schrédinger
equation expressing the evolution of a time-dependent state |y;t) is ih4|y;t) = H|yp;t). In
SDG, we take t € R,d € D, and instead write |¢;t +d) = |i;t) — %th; t). As proven in the
paper [ ], if & is well-adapted, possessing a full and faithful functor Diff — &, then

we have the following integration axiom for a Lie group G with Lie algebra g:
vf € g"IF € GR (F(0) =envt e R¥d € D (F(t+d)F(t) ™" = f()(d)))

The Hamiltonian is a member of the Lie group U(4), and an infinitesimal perturbation to it,
as expressed by the SDG Schrodinger equation, is a member of u(4); by the integration axiom,
this can be integrated to obtain a unique time evolution of |i).

While computing actual results in a well-adapted topos such as G would be tedious, this
result is a proof of concept that well-adapted topoi have the necessary structure required to

formulate quantum mechanics.
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Chapter 7

Cohesive Topoi

7.0.1 Diffeologies

Smooth Sets Let CartSp be, as before, the category whose objects are the R"’s for n > 0, and
whose morphisms R — IR" are the smooth sets. We equip this category with the good open
cover coverage: an open cover {f) : Uy — U} en is good if each nonempty finite intersection
of the f) (U, ) is contractible. For instance, the open cover of the circle o by two halves U and N
is not good: the intersection is homotopy equivalent to two points, rather than one. A smooth
set is a sheaf on this site, and hence there is a Grothendieck topos SmoothS et of smooth sets.
Hence, a smooth set is a functor X : CartSp°®? — Set, with X(IR") written as X, such that
for every good open cover {f : R"™ — R™})cp, if we have a selection of elements x, € X,
such that for all ,v € A and all diagrams R"* & RC L R™ with fug = fvh we have
X(8)(xy) = X(h)(x,) € Xy, there is a unique x € R™ such that X(f))(x) = x, forall A € A.
Hence, a smooth set X is first of all a set, Xy, along with plots of curves in X, or elements
of Xj, plots of surfaces, or elements of X5, and so on, and for every function f : R" — R"
amap Xf : X, = X, describing how f is used to construct m-plots from n-plots. Every R"
forms a smooth set R" = Homcarsp(—,R"), as does every smooth manifold M € Diff via
M = Homps(—, M). As the sets {Homp;(R", M)} yem = 1, M, are enough to uniquely

determine the smooth manifold M, this induces an embedding Diff — SmoothSet.

Diffeological Spaces This does not necessarily make smooth sets particularly useful to work

with: a general smooth set can still undergo many failings that render it "un-spatial". There
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is, for instance, nothing restricting the set of plots of surfaces in X from being bigger than the
entire set of set-functions from X, to X, nor is there any notion of what the maps Xf must
be like. Hence, we restrict this definition: a diffeological space is a set Xy along with a func-
tor X € Sh(CartSp) with X(R%) = X, (i.e., a smooth set, presented as a set), such that X is a
subsheaf of Homge:(—, Xo). This ensures that the set of plots of R" in Xj is at most the set of
set-functions from IR” to Xy, and that a smooth function f : R” — R" sends n-plots to m-plots
by precomposition: an n-plot p € X,,, identifiable with a set-function p : R" — Xj, is sent to
an m-plot pf € Xy, identified with the set function pf : R”" — R" — Xj. The embedding of
Diff into SmoothSet clearly restricts to an embedding of Diff into the category of diffeological
spaces, denoted DiffSp. DiffSp is no longer a topos, but is a quasi-topos: while it is locally carte-

sian closed and finitely (co)complete, it does not have a subobject classifier.

Despite this limitation, diffeological spaces allow us to work with any kind of set of points
that has some sort of smooth structure, be it an infinite-dimensional moduli space or any other
sort of space that cannot strictly be described by a smooth manifold. The immediate example
is the internal hom [X, Y], = Hompjs, (X x R",Y) of diffeological spaces, which could for
instance be smooth manifolds; the set of 0-plots (points) is given by Hompjfs, (X x R?, Y) =
Hompisrsp (X, Y), the set of 1-plots is Hompifrs, (X x R, Y), when so on, and when X and Y are

smooth manifolds [X, Y] provides a diffeological structure on C*(X,Y) !,

!We may also equip this space with a smooth structure using the theory of Fréchet manifolds, which are locally
homeomorphic to (complete, Hausdorff, locally convex, metrizable) topological vector spaces rather than IR"’s,

but the structure coincides with the diffeological one anyway.
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Noncommutative Geometry
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Chapter 9

Structured Spaces

9.1 Spectral Schemes

9.1.1 Ring Spectra

The basic building block of algebraic geometry is the affine scheme, which is a geometric space
induced by a ring (which we will always assume to be commutative and unital). As a set, an
affine scheme is the spectrum, or set of prime ideals, of a ring. We shall review some of the

properties which make prime ideals worthy of this honor.

Prime Ideals Anideal p of aring A is said to be prime if

1. It does not contain 1 (and is therefore a proper ideal).

2. If fora,b € Awehaveab € p,thena € porb € p.

The analogy is to prime integers in Z: the product mn of integers divides some prime p if and
only if at least one of m, n already divided p.

Given a morphism ¢ : A — B, the preimage of a prime ideal q in B must itself be a prime
ideal p C A: if ¢(ab) = @(a)¢@(b) € q, then either ¢(a) in q or ¢(b) € g, and hence either a € p
or b € g. Thisimplies that any morphism of rings contravariantly induces a morphism between
sets of their prime ideals. Referring to the set of prime ideals of a ring A as its spectrum Spec A,
this gives us a functor Spec : CRing®? — Set.

Prime ideals also behave nicely with respect to quotients and localizations. Specifically,
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¢ Givenanideal I C A, prime ideals of A/ are in bijection with prime ideals of A contain-

ing I.

* Given a multiplicative system S C A, the prime ideals of the localization S~!A are in

bijection with prime ideals of A that do not touch S.

¢ For any prime p € A, the set A — p is a multiplicative system touching all primes that
are not contained in p, so (the image of) p is the unique largest prime ideal of the ring
Ap = (A—p) 1A,

We call a prime ideal contained in no larger proper ideals a maximal ideal', and any ring with
a unique maximal ideal a local ring. Hence, Ap, which has as its unique maximal ideal m = p,
is a local ring.

In general, the quotient of a ring by a prime ideal will be an integral domain, and the quotient
of a ring by a maximal ideal will be a field (these properties in fact define prime and maximal
ideals); in particular, a local ring (A, m) naturally induces a field A/m. The field A, /p is known
as the residue field of A at p.

The Zariski Topology Given a ring A, we may consider the function V sending an ideal I of
A to the set of prime ideals of A that contain I, as well as its complement D(I) = V(I)°. We
have V((0)) = Spec A, as all prime ideals contain (0), and V(A) = &, as (by definition) no
prime set contains A. Pairwise multiplication of ideals I, | corresponds to taking the union of
V(I) and V(J), and arbitrary summation corresponds to arbitrary intersection; it follows that
we may take the V/(I) for all ideals I of A to be the closed sets of a topology on Spec A. This is
known as the Zariski topology.

9.1.2 Ringed Spaces

Given a topological space X, we define a sheaf of rings on X in the usual sense: as a functor

F : Op(X)°P — CRing, satisfying the sheaf conditions:

Tt is conventional to use the Fraktur letters p, g, . .. for prime ideals, and m, n, ... for maximal ideals.
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e (Locality) If for an open cover {U) C U},ep and sections x,y € F(U), if the restrictions
of x and y to each U, agree, then x = y.

* (Gluing) If for an open cover {U) C U},ca we have sections x) € F(U)) whose restric-
tions agree on all intersections U, N U, there’s a unique section x € F(U) restricting to

all x,.

A ringed space is a space X equipped with a sheaf of rings Ox known as the structure sheaf.
A morphism of ringed spaces (X, Ox) — (Y, Oy) is a pair (f, f*), where f : X — Y is a con-
tinuous map, and f* is a morphism of sheaves from Oy to the sheaf f,Ox on Y defined by
(f:0x)(V) = Ox(f~1(V)), known as the direct image or pushforward of Ox by f 2.

The Zariski topology has a convenient base: take the distinguished open sets Dy = D((f)) =
{p € SpecA | f ¢ p}. We will define a sheaf of rings Ox on the topological space X =
Spec A by defining it on this base, simply letting Ox(Ds) = Ay, the localization of A at the
multiplicative system {1, f, f2,...}. Taking stalks yields Ox, = A, and taking global sections
yields Ox(A) = Ox(Dy) = A1 = A.

For X = Spec A, the ringed space (X, Ox) has the special property that all its stalks are
local rings. A ringed space with such a property is known as a locally ringed space, and a
morphism (X, Ox) — (Y, Oy) of locally ringed spaces is a ringed space morphism ( f, f%) with
the additional property that the induced ring map f,g : Oy f(x) = Ox,x sends the maximal ideal
of Oy f(x) to the maximal ideal of Oy . Hence, we have categories of ringed and locally ringed
spaces. It is straightforward to show that taking spectra is functorial, i.e. that the set map
i : Spec B — Spec A generated by a ring homomorphism ¢ : A — B is not only a continuous

map w.r.t. the topologies, but a map of locally ringed spaces.

2 Abusing terminology, we may often refer to the ringed space (X, Ox) simply as X, with the understanding
that the symbol O refers to the structure sheaf of the relevant space. Similarly, we will often refer to morphisms of
ringed spaces (f, f*) : (X, Ox) — (Y, Oy) simply as f, understanding that the sharp # denotes the corresponding

map of sheaves. When necessary, we will use sp X to refer to the topological space underlying X.
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9.1.3 Schemes

We are now in a position to introduce these fundamental building blocks, as well as some of

their basic properties.

Affine Schemes An affine scheme is a locally ringed space (X, Ox) which is isomorphic as
a locally ringed space to the spectrum of some ring. Hence, affine schemes form a full sub-
category AffSch of the category of locally ringed spaces. We know that there is a functor
Spec : CRing®® — AffSch, as well as a global sections functor I' : AffSch®? — CRing sending
an affine scheme X = Spec A to Ox(X) = A, and a morphism f : X — Y = Spec B to the mor-
phism f#(Y) : B — A. These two functors, in fact, form halves of a contravariant equivalence of
categories, AffSch = CRing°F.

So the initial object Z of CRing forms the terminal object Spec Z of AffSch, the product of

rings yields the coproduct of affine schemes, and so on.

Schemes In the same way that a topological manifold is defined to be a space locally homeo-
morphic to some fixed R”, a scheme is defined to be a locally affine locally ringed space. Specif-
ically, a scheme is a locally ringed space X such that every point x € X admits a neighborhood
U > x such that (U, Oy := Ox]|y) is an affine scheme. The category AffSch is a subcategory
of this larger category Sch of schemes (again full in locally ringed spaces), and is reflective:
the "affineification" functor Sch — AffSch, X +— Spec Ox(X) is left adjoint to the inclusion
AffSch < Sch, with morphisms from a scheme X to an affine scheme Y = Spec A factoring
uniquely through Spec Ox (X).

We often refer to schemes over a base scheme S, or elements of the slice category Sch/S,
which are called S-schemes. Morphisms between S-schemes are, as usual, morphisms between
schemes that commute with the fixed morphisms into S. A common case is S = Speck, for a
field k; the only prime ideal of a field is (0), so Speck is a single point, trivializing the topo-
logical part of a scheme X over Speck. The information such a scheme contains is a morphism
k — Ox(X), or a k-algebra structure on the ring of global sections of X, and a morphism

between k-schemes must only preserve this structure.
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Properties of Schemes Like the average topological space, the average scheme isn’t very
pretty! Hence, as with topological spaces, we have a great deal of niceness conditions we desire
our schemes and morphisms to have. For the following, let (X, Ox) be a scheme with affine
open cover {U; = Spec A;}ic1, (Y, Oy) be a scheme with affine open cover {V; = Spec B;}¢j,

and f : X — Y a morphism of schemes.
e X is connected if sp X is connected, and irreducible if sp X is irreducible.

¢ X is locally noetherian if each R; can be taken to be a noetherian ring, and noetherian if

furthermore I can be taken to be finite.

e X is integral if Ox(U) is an integral domain for every open U, and reduced if all stalks

Ox x have no nilpotent elements.

* f is locally of finite type if we can take the V; to be such that each f ~1(V;) is affine and
can be covered by open affines each of which is the spectrum of some B;-algebra, finitely

generated as a B;-module. If we only need one open affine for each f~1(V;), f is finite.

* If the diagonal morphism A¢ : X — X Xy X yields a closed inclusion i : Af(X) — sp X
with i* a surjective map, f is separated. X itself is separated if the terminal morphism

X — Spec Z is separated.

9.2 Fractured oo-Topoi
9.3 Pregeometry

9.4 Derived Algebraic Geometry
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Appendix A

Homotopy and Cohomology

A.1 Homotopy Theory

A.11 Homotopy Equivalence

Given two continuous functions f, g : X =2 Y between topological spaces, we may ask whether
there is a "continuous transformation" of f into g. For instance, we may wonder whether
two different loops on a torus (continuous functions 7 : [0,1] — T? with 4(0) = (1)) can
be morphed into one another continuously, i.e. without breaking one of the loops. Such a
transformation between two paths, say f and g, would look like a family of paths F;(x), where
s € [0,1], such that Fy(x) = f(x) and F;(x) = g(x). The right definition is as follows: A
homotopy between two continuous maps f,g : X =2 Y is a continuous map F : X x [0,1] = Y
such that F(x,0) = f(x) and F(x,1) = g(x). If there is a homotopy from f to g, the two maps
are said to be homotopic, written as f ~ g. We think of the second argument t as moving along
the continuous family, and the first argument x as selecting a point in F;.

Homotopy is an equivalence relation on the set of continuous maps X — Y, and composition

is compatible with this relation.

Proof. Every map f is homotopic to itself, by letting F(x,t) = f(x). If F is a homotopy from f
to g, then F/(x,t) = F(x,1 —t) is a homotopy from g to f. Finally, if F is a homotopy from f to
¢ and G a homotopy from g to &, defining H(x,t) = F(x,2t) for 0 <t < 1/2 and G(x,2t — 1)
for 1/2 < t < 2 yields a homotopy from f to h. So the relation whereby f ~ gif f ~ gis
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reflexive, symmetric, and transitive, and hence an equivalence relation on Top(X,Y). Given
two homotopies f ~ ¢ : X = Yand h ~ k : Y — Z, we may extend the homotopy f ~ g to
a homotopy h = f ~ h = g that leaves h fixed but moves f to g, and likewise obtain a chain
of homotopic maps ho f ~ hog ~ ko f ~ ko g. Therefore, we can define [h] o [f] by taking

the homotopy class of the composition of any representative of [h] with any representative of

[f]. m

We may define a new category whose objects are those of Top, but whose morphisms are
homotopy classes of morphisms in Top. This category, which is famously not concrete, is known
as hTop.

We may sometimes want to restrict the set of homotopies between two maps f,g : X =
Y, requiring that all morphisms in our continuous family F(x, —) preserve all points p in a
subspace Xy C X; such a homotopy is known as a homotopy relative to Xy. This is also an
equivalence relation, the proof being more or less unchanged. The prototypical example is
when X = I, Xy = {0,1}, and f, g are paths I — Y; in this case, f is homotopic to g relative
to the endpoints {0,1} when F(x,0) = f(x), F(x,1) = g(x), and F(s,t) = f(s) = g(s) for all
s €{0,1}.

A pointed space is a topological space X equipped with a specified element x € X known
as the basepoint. A basepoint-preserving map f between pointed spaces (X, x) and (Y, y) is
a continuous map X — Y sending x to y. When working in the category Top, of pointed
spaces and basepoint-preserving maps, we often denote all basepoints as *, lazily stating that
f(*) = *x and so on. Homotopies in this category must necessarily be relative to the basepoint.

Quotienting the hom-sets in Top, by the equivalence relation of basepoint-preserving homo-
topy yields the homotopy category hTop, of pointed topological spaces. The product in Top, is
the product in Top, with the basepoint being the product of the two basepoints. The coproduct
is not the disjoint union, however, since there would be no canonical basepoint; Top, remedies
this in the most obvious possible way, by identifying the basepoints of the two spaces with a
single point. This forms the wedge product X V Y. Denoting the basepoints of X and Y by xg
and yo, there is a canonical inclusion X VY — X x Y sending x € X C XV Y to (x,¥p) and
y €Y C XVYto(xgy). Identifying this subspace of X x Y with a point yields the smash
product XAY =X xY/X VY.
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A.1.2 Categories of Topological Spaces

Since Homryy, (—, —) is a bifunctor, we can immediately form four important endofunctors on
Top,. Letting S have an arbitrary basepoint 0, and defining I to be the interval [0, 1] with the

basepoint 0, these are:

¢ The loop space functor () = Homy, (S, —)
* The path space functor P = Homrop, (I, —)
e The reduced suspension functor ¥ = S' A —

* The reduced cylinder functor C = I A —

The action of () and P on functions are canonically defined. The action of X and C on func-
tions comes from the universal property of quotient spaces: if Ag C A and By C B, then
f : A — Bextends to a unique map. Since X V Yissentto X V f(Y) C X V Z, this lets us define
%f and Cf for X = S!,I. The action of the functor X A — onamap f : Y — Z is to send the
image of (x,y) in X A'Y, which we can denote x Ay, to x A f(y) € X A Z.

There are many nice properties of these functors which hold for most conceivable examples
but fail to hold in general; for instance, the smash product is "usually" associative up to natural
isomorphism, but fails to be so in general: as detailed in [ I (QA
Q) AN is not homeomorphic to Q A (Q AIN). As such, we may want to move to a more
nicely behaved subcategory of Top,, of which there are many. To specify certain subcategories,
we need additional topological definitions. A space X is weak Hausdorff if, for all compact
Hausdorff spaces Y and continuous functions f : Y — X, the image of f is closed in X. X is a
k-space if any subset Xy C X all of whose preimages are closed is itself closed. X is compactly
generated if it is both weak Hausdorff and a k-space.

Topological manifolds, metric spaces, and compact Hausdorff spaces are all both compactly
generated and Hausdorff, and are therefore contained in all of the following full subcategories

of Top:

* kTop, the category of k-spaces

* wHaus, the category of weak Hausdorff spaces

* CG = kTop N'wHaus, the category of compactly generated spaces
¢ CGHaus, the category of compactly generated Hausdorff spaces
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All of these have pointed, homotopy, and pointed homotopy variants. Letting iy denote the

inclusion functor kTop — Top and i,y the inclusion functor wHaus — Top, we have a triplet of

adjunctions:
Ik ’z_u_h{\ k
/\ ///,/ \\\\)L /_\
kTop 1 Top 1 wHaus T CG
ﬁ\\\\s ’/,/’/ \_/ \_/
—_k— fwH ice

The right adjoint k to i} is known as k-ification, and the left adjoint wH to i,y as weak Haus-
dorffification; k-ification turns a weak Hausdorff space into a compactly generated space, and,
as a functor wHaus — CG, is itself left adjoint to the inclusion functor CG — wHaus. wHaus is
complete, and right adjoints preserve limits, allowing us to construct limits in CG by construct-
ing them in wHaus and then k-ifying. We will implicitly work in CG, letting X X Y denote the
k-ification of the product in wHaus, and Y the k-ification of the space of maps from X to Y '.
In CG, there is an adjunction — x Z - (—)# for all Z, such that maps X x Z — Y can be iden-
tified in a natural way with maps X — Y. In particular, Homcg(X x I,Y) = Homcg(X, PY)
and Homcg (X x S!,Y) = Homcg(X,QY). In the based version, CG,, this becomes — A Z
(—)#, yielding the adjunctions C - P and £ 4 Q). (The exponential here ranges over basepoint-
preserving maps, and its basepoint is the map that sends all points in the domain to the base-
point of the codomain). These adjunctions are preserved upon passing to homotopy classes.

We will write [X, Y] for Homypcg, (X, Y), leaving the basepoints implicit.

A.1.3 Homotopy Groups

Given two loops 70,71 : (S',*) — (X, *), the composite loop vy * 71 is defined by (¢ *
71)(t) = 70(2t) if 0 < t < 1/2, and y1(2t — 1) if 1/2 < t < 1. Under the operation of

<
composition of loops, [S!, X] has the structure of a group.

Proof. The proof that * respects homotopy equivalence is similar to that of o respecting homo-

topy equivalence. We define the identity element on [S!, X] to be the constant loop e(t) = *,

I This space is equipped with the compact-open topology, whose subbase contains, for all Xo C X, Yo C Y, the
set of all functions f : X — Y with f(Xp) C Yp.
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and define the inverse of a loop 7 : S — X by the loop v 1(t) = (1 —t). To see that
[Y~1 % 9] = [e], use the homotopy F(s,t) = 7s(t) * vs(t) !, where ys(t) = y(t) for t < s and

-1

7v(s) for t > s. This implies that [y xy 1] = [(y71) " xy71] = [e] as well, so ([S1, X], *) has a

multiplication, inverses, and a two-sided identity. H

The fundamental group of a pointed space (X, *) is defined as 711 (X, x) := [S!, X], with the
group structure defined above. We will generally omit the x, just writing 711 (X). The higher
homotopy groups of a pointed space X are defined as 71,(X) = [S!, Q" 1X] = m (Q"1X),
n > 1. Since S" = 5", we have 7,(X) = [S!,("X] = [£"S!, X] = [S", X]. This alternative
definition allows us to interpret the nth homotopy group of a space X as the homotopically
distinct ways of mapping the n-sphere into X in a basepoint-preserving manner, as well as
to clearly demonstrate the functoriality of 77,; Every based map f : X — Y induces a map
7,(X) — 7,(Y) given by sending a loop £ : St — X to the loop fo /¢ : S! — Y. We can also
define a zeroth homotopy group 7o(X); this is just the set of path-connected components of X,

and doesn’t necessarily have a group structure.

As a consequence of the functoriality of homotopy groups, homeomorphic spaces have iso-
morphic fundamental groups. In fact, the motivation behind the introduction algebraic topol-

ogy was the development of algebraic tools to figure out when two groups are homeomorphic.

IaY)

A based map f : X — Y that induces isomorphisms 77,(X) = 71,(Y) is known as a weak
equivalence. Two spaces X, Y are weakly equivalent, written as X ~ Y, when there is a weak
equivalence between them. Homeomorphisms are weak equivalences, but the converse is not
true in general; this means that, while two spaces X, Y with differing homotopy groups cannot
be homeomorphic, verifying that all homotopy groups are the same isn’t enough to verify that

X and Y are homeomorphic.

Homotopy groups will serve as one of our primary methods of classifying topological spaces,
and weak equivalence will serve as an important notion of equality in this classification. An-
other notion of equivalence is similar to that of categories: two spaces X and Y are homotopy
equivalent if there are continuous f : X — Y and g : Y — X such that fg and gf are ho-
motopic to the identity maps on Y and X, respectively. This is also a weaker property than

homeomorphism.



CW Complexes 148

A.14 CW Complexes

The vast majority of spaces that come to mind when one thinks of a topological space all share
a common trait: they can be pieced together using points and n-disks in a systematic manner.
The circle S', for instance, is constructed by attaching D' = [0, 1], to a single point at both ends.
Attaching two copies of D? to the circle along their boundaries yields a sphere. A torus can be
constructed in a similar manner with one point, two 1-disks, and one 2-disk, as shown below.

We can make this construction pattern rigorous. The general process is as follows:

1. Start with a set of points X°.

2. Form an n-skeleton X" from X"~! by attaching a collection of open n-disks e via maps
specifying where their boundary goes, ¢, : S"~! — X"~1. We can say that X" is the
quotient space X"~ ][, D? of X"~! under the identifications x ~ ¢, (x) for x € 9D!; as a
set, X" = X" 1], e

3. Either stop at a finite stage (in which case X is finite-dimensional, and its dimension
is n), or take the infinite union X = |J,, X" and give it the weak topology, where A is

open/closed in X iff AN X" is open/closed in X" for all n.

Spaces constructed in this way are called CW complexes, a.k.a. cell complexes. Some examples:

¢ A 1-dimensional CW complex is a graph. (It's actually a multigraph, but we call it a

graph).

e S" is constructed with the cells ¢, a single point, and e", the disk D" attached by the

constant map S"~! — ¢). By part 2 of the construction, we can see that S” = D" /9D".

A subcomplex of a CW complex X is a closed subspace A C X that’s a union of cells in X;
the closedness implies that the characteristic map of each of these cells has image contained in
A, making A itself a CW complex. A pair (X, A) of a CW complex X and a subcomplex A is
called a CW pair. Since each skeleton X" of a subcomplex X is a closed subspace of X, (X, X")
is a CW pair.

CW complexes are especially well behaved; they are all compactly generated Hausdorff,
locally contractible, and paracompact; the full subcategory CW of Top consisting of the CW
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complexes is closed under topological products, wedge sums, and smash products. Homotopy
equivalence between CW complexes is equivalent to weak equivalence, and every topological

space is weakly equivalent to a CW complex.

A.2 Homological Algebra

In this section, we’ll add an increasing amount of structures to an arbitrary Ab-category, culmi-
nating in the definition of an abelian category. Such categories allow us to define homology and
cohomology, and are very useful in the study of algebraic topology. R-Mod is the prototypical
example of an abelian category, and in a sense is the universal example: the Freyd-Mitchell em-
bedding theorem allows us to embed any category C, by means of a full and faithful functor, into
some R-Mod. As such, we’ll think of the elements of abelian categories as being R-modules,

allowing us to work with elements rather than arrow-theoretic language.

A.21 Abelian Categories

In an Ab-category C, every hom-set is an abelian group, and composition is a bilinear operation
oxyz : Homc(X,Y) x Homc(Y,Z) — Homc¢ (X, Z). An Ab-functor F : C — D between Ab-
categories is a functor such that each mapping Hom¢(X,Y) — Homp(FX, FY) is a morphism
in Ab, i.e. an abelian group homomorphism. Since Ab is a concrete category whose morphisms
1 = Z — G are in bijection with elements of G, the definition of an Ab-natural transforma-
tion simplifies to a family of homomorphisms FX — GX satisfying the usual commutativity

condition.

Additive Categories In an Ab-category C, the finite product is, if it exists, equivalent to the
coproduct. To see this, suppose for objects X, Y € C we have a product X x Y with projections
px and py. Then, the pair of maps (idx,0xy) induces a morphism ix : X — X x Y such
that pxix = idx and pyix = Oxy; likewise, the pair of maps (Oyx,idy) induces a morphism
iy : Y — X x Y. Take an object Z with morphisms f : X — Zand g : Y — Z, and let
¢: X XY = Z = fpx + gpy, such that ¢ix = fpxix + gpyix = f + g0xy = f and likewise

@iy = g. This construction satisfies the universal property of the coproduct, so X x Y is both a
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product and a coproduct. We call it the biproduct, and denote it ©.

In an arbitrary category C, a zero object 0 is, if it exists, an object that is both initial and final.
It has the special property that it defines a unique morphism, a zero morphism, between any
two objects X and Y: this morphism, denoted Oxy, is given by the composition X — 0 — Y.
We interpret the object 0 as carrying no information, and therefore zero morphisms destroy
all information. An arbitrary Ab-category C has zero morphisms in a literal sense: they’re the
identities of the hom-groups. If C has a zero object 0, then Hom¢ (0, X), necessarily being the
trivial group, generates these zero morphisms in the manner described above. An Ab-category

with a zero object and finite biproducts is known as an additive category.

Kernels In the Ab-category R-Mod, the zero object is simply the zero module. Once we have
a zero object, we can take a morphism f : X — Y and define its kernel to be the equalizer of
f with Oxy, and its cokernel to be the coequalizer of f with Oxy. Specifically, the kernel is an
object K along with a morphism ¢ : K — X such that f¢ = Oy, and any other K’ with a ¥
satisfying f{ = Ogsy has a unique p : K’ — K such that iy = ¢p. In pictures,

X

¢\fj

P 0

K 25 v
p A

// Ogry

K/

In Grp and Ab, K ends up being (isomorphic to) the set of all x € X that are mapped to 0 by
f, with ¢ the inclusion map from K to X, recovering the normal definition of kernel. (While
this case works out very nicely, as do cokernels, it must be emphasized that (co)kernels have
not just objects but morphisms as well). The cokernel is an object Q along with a morphism
¢ : Y — Qsuch that ¢f = Oxq, and any other Q' with a ¢ satisfying ¢f = Oxy has a unique
p: Q — Q' such that ¢ = pg. Another picture:
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In Ab, the cokernel ends up being Y/ Im(f). In summary, if fi = 0, then ¢ factors uniquely
through ker f, but if ¢f = 0, then ¥ factors uniquely through coker f. Zero morphisms restrict
the flow of information between two objects X and Y, kernels tell you how difficult it is to
silence an X with a morphism f : X — Y, and cokernels tell you how difficult it is to censor Y.
The image of a morphism ¢ is defined by ker coker ¢, and the coimage of ¢ is coker ker ¢.

An additive category A is abelian if it has all kernels and cokernels, any monomorphism can
be presented as the kernel of some morphism, and any epimorphism can be presented as the

cokernel of some morphism.

A.2.2 Chain Complexes

In an abelian category A, a chain complex C, is a collection {C, },cz along with morphisms

{dn : Cy = Cy_1}nez, generally represented as a diagram of the form

s G My I
We require that d;, o d;,;1 = 0 for all n. This implies that kerd,, C imd,,; for all n; if these two
submodules of C,, are equal for all 1, then the chain complex C, is said to be exact. Dually, a
cochain complex C* is a collection of objects {C"},cz and morphisms {d" : C*~! — C"} such
that "' o d" = 0. In specific instantiations of such complexes there may be a specific reason for
going in one direction or the other. In the abstract sense, though, flipping the indices is really
all we have to do; for this reason, chain and cochain complexes are more or less equivalent,

and a chain complex (C,, ds ) generates a cochain complex (C~*,d~*).

Homology An arbitrary chain complex C, may or may not be exact; the extent to which it
fails to be exact at an index n is equivalent to the extent to which imd,,; fails to be as large

as kerd,. It will always be a submodule, though, so we can record this failure of exactness
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by taking the quotient module kerd, /imd,, ;1. The homology of the chain complex (C,,d.) is
defined by
H,(Cs) = kerd, /imd, 11

and the cohomology of a cochain complex (C*®,d*®) is given by
H"(C®) = kerd, /imd, 1

In R-Mod, elements of imd,, ;1 are known as the boundaries of C,,, and elements of kerd, are
known as the cycles of C,,; H,(C,) is then simply the submodule of cycles modulo the relation

that identifies two cycles that differ only by a boundary.

The Category of Chain Complexes A morphism of chain complexes Cq — D, is a family u,

of morphisms in A such that

dn+1 dn
- — Cyq > Cy y Cpog ——— - -
lunﬂ lun l”n—l
)1 d,
- — Dy > Dy, y Dy — -+«

is a commutative diagram. The set of all chain complexes on A, along with chain maps between
chain complexes, forms a category Ch(A). This is itself an abelian category, with all kernels,
cokernels, sums of morphisms, etc. being computed pointwise. Given a chainmap f : Ce — D,
in Ch(R-Mod), we note that if d;(g) = 0 for g € C;, then d.fi(g) = fi_1di(g) = 0, and that if
g = diy1(h), then fi(g) = fidir1(h) = d}_, fit1(h); chain maps send boundaries to boundaries
and cycles to cycles, and hence induce well-defined maps H;(C.) — H;(D,). In this way, the
map H; : Ch(R-Mod) — R-Mod,C, +— H;(C,) acts functorially; this holds for an arbitrary
abelian category A. Two chain complexes are quasi-isomorphic if all of their homology objects
are isomorphic; this provides a weaker notion of equivalence than isomorphism.

A chain complex is bounded if all but finitely many of the C, are 0. If C, is non-zero solely
when n € [a,b], we say that C, has amplitude in [a,b]. C, is bounded abouve if there’s a b such
that C, = 0 for all n > b, and bounded below if there’s an a such that C,, = 0 for all n < a.
Keeping in line with the identification C, = C™", a cochain complex is bounded above/below

iff its associated chain complex is bounded below /above. These allow us to form full subcate-
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gories of Ch(A): the categories of bounded, bounded above, bounded below, and non-negative
chain complexes are denoted Ch(A),, Ch(A)_, Ch(A)., and Ch(A) >, respectively.

Chain Homotopies A chain complex C, is split if there are maps s, : C;, — C,,11 such that
d = dsd. It is split exact if it is also exact; equivalently, it is split exact if and only if ds 4 sd
is the identity map. If we have a chain map f : Co — D,, f is called null homotopic if there
are maps s, : C;, — D11 such that f = ds 4 sd. Two chain maps f,g : Coe = D, are chain
homotopic if their difference f — g is null homotopic, i.e. there are maps s, : C;, — D41 such

that f — ¢ = ds 4 sd. A diagram:

- — Cya y > Cy y y Cpqg — -+
f%%g s f‘fﬁg 8 f f<]j%>8
N ; \& ; N
- — Dy > Dy, > Dy 1 —— - -

The maps {s,, } are collectively called a chain homotopy. We will regard the notion of chain
homotopy as an extension of the notion of a homotopy between maps between topological
spaces. Correspondingly, we call two chain complexes Co, and D, chain homotopy equivalent
if there are maps f : Co¢ — D, and g : D, to C, such that ¢f and fg are equivalent to the

identities on D, and C,, respectively.

A.2.3 Resolutions

Let F : A — B be an Ab-functor between abelian categories A, B. If, for all exact sequences in A
of the form 0 = X — Y — Z — 0, F yields an exact sequence 0 — FX — FY — FZ — 0, Fis
known as a exact functor. If just 0 - FX — FY — FZ is exact, F is known as left exact, and if
FX — FY — FZ — 0 is exact, F is known as right exact.

For a fixed M € A, the covariant representable functor Homa (M, —) is left exact. To see
this, let 0 — X i> Y 5 Z — 0be exact. As in R-Mod, f must be monic and g must be epic.
Take the map f. := Homa(X, f) sending ¢ : M — X to fo : M — Y. If fo = Opry, then
since f is monic, ¢ must be Oprx. So f. is monic, and likewise g« f«(¢) = gf ¢ = Oxz¢ = Opniz,

80 gxfs = Ofoma(M,X),Homa(M,z)- Finally, if ¢ : M — Y satisfies g.(¢) = 0, then, since im¢
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is a subobject of imf, ¢ factors through f as ¢ = f¢ = f.(¢) for some ¢y : M — X. So
0 — Homa(M, X) — Homa(M,Y) — Homa(M, Z) is exact. Hence, Homa (M, —) is a left

exact functor.

Projective Objects It is not in general true that the final arrow Homa (M, Y) — Homa (M, Z)
is an epimorphism, so that we could extend the left exact sequence to an exact sequence. For
this to be true, we require the following (equivalent) universal lifting property on M: given
any surjection g : Y — Zin A, and any map ¢ : M — Z, there is a (not necessarily unique)
map ¢ : M — Y such that ¢ = fy. If M had this property, it would follow immediately
that Homa (M, Y) — Homa (M, Z) is an epimorphism, and hence that Homa (M, —) is an exact
functor. If M satisfies this universal lifting property, or equivalently if Homa (M, —) is an exact
functor, we call M a projective object. For instance, free modules are projective. For some nice
rings R, including Z, fields, and division rings, the projective R-modules are the free modules,
but this isn’t always the case. In general, an R-module is projective if and only if it’s a direct

summand of a free R-module.

Injectives The dual notion is that of an injective object, or an object M € A such that every
monomorphism f : X — Y and map ¢ : X — M yields at least one ¢ : Y — M such that
f¢ = ¢. The contravariant functor Homa (—, M) is right exact, since it is Hompaer (M, —) which,
A°P being abelian, sends exact sequences in A°? to left exact sequences in Ab, and hence exact
sequences in A to right exact sequences in Ab). Homa (—, M) is exact if and only if M is injective.
Injective modules are harder to characterize then projective modules, but if A = R-Mod for R
a principal ideal domain, then M is injective if and only if for every r # 0 € r and m € M,
m = rm’ for some m’ € M, so that we can "divide" elements of M by nonzero elements of R.

For instance, Q is injective as a Z-module.

It is in general true that left adjoints are right exact and right adjoints are left exact, since left
adjoints preserve colimits, and hence cokernels, and right adjoints preserve kernels. In the case
A = R-Mod, this observation is another way to show that Hompg (M, —) is left exact, and its left

adjoint M ®g — is right exact.
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Resolutions For some nice rings R, including Z, fields, and division rings, the projective
R-modules are the free modules, but this isn’t always the case. In general, an R-module is pro-
jective if and only if it’s a direct summand of a free R-module. R-Mod has enough projectives:
given an R-module A, take the free R-module on the set of elements of A, 7(A) := FJA. The
counit of the F - ] adjunction gives us a natural map 7w(A) — A (that sends a sequence of

elements of A to its sum) which is a surjection.

An abelian category A has enough projectives if for every M € A there is an epimorphism
from a projective object P to M, and enough injectives if there is a monomorphism from X to
an injective object I. A left resolution of M is a complex X, along with a map € : Xg — M such

that the following sequence

is exact. If furthermore all X; are projective objects, then X, is known as a projective resolution
of M. Dually, a right resolution of M is a cochain complex X* along with a map € : M — X°

such that the sequence

1 2
0 s M —C 5 x0 4 ox1 & 2

~

is exact. If all X' are injective, X*® is known as a injective resolution.

In an abelian category A with enough projectives (injectives), every object M € A has a pro-

jective (injective) resolution.

Proof. Choosing a projection €p : Py — M, we recursively choose a projective P, and an epi-
morphism €, : P, — M,_q, set M, = kere,, and let d, : P, — P,_; be the composition

P, - M,,_1 — P,_1. See:
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0 0 0
0 >M4 >P4 >M3 > 0 >MQ >P0
P5 P3 P1 M ——0
/’z\ X‘ %/\
> Ms > 0 > M ) > My > 0
0 0 0

Using our w(A) — A projection as €, we see that M consists of all sequences in 77(A) that
sum to 0 (and comes with an injection into Py), P; is 7w(My), coming with a canonical €1, and so
on. The kernel of each d is the image of the next, by design, so this is a projective resolution of

M.

The proof for injective objects is dual to the above proof. u

Maps between objects M, N naturally induce chain maps between projective resolutions.
Letting Po —— M, Q. s Nbe projective resolutions of M and N, and f a morphism M — N,

there is a chain map « : P, — Q, that lifts f in the sense that the following diagram commutes:

) > P > Py > M » 0

€

azl all aol fl

U
—— D > Q1 > Qo > N > 0

This chain map is unique up to chain homotopy equivalence.
The dual phenomenon is observed with injective objects: an injective resolution N e

is naturally lifted by f to an injective resolution M s E*ina way that makes the following

diagram commute:

M s EO s EL s E2

N2

\
o~
=
=)
=
—
——
=
(S
«—

0 s N 24 [0 y 11 , T2

N2
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A.2.4 Derived Functors

Left Derived Functors Fix a right exact functor F, and take an R-module M. Given a pro-
jective resolution P, of M, FP; — FPy — FM — 0 is an exact sequence, but the rest of FP,
isn’t necessarily exact. The ith homology of FP, is known as the ith left derived functor of F,
L;F(M) := H;(FP,). The homology at the zeroth position is given by LoF(M) = FM, so the
ith derived functor of F can be seen as the ith "homological extension" of F, with the zeroth
extension obviously being F itself. The module L;F(M) is independent of the projective resolu-
tion we choose for M: any two different projective resolutions P,, Q. will yield a pair of chain
maps f : Po — Q., §: Qe — P. each lifting the identity map idys, implying that h = gf is a
map P, — D, lifting idy from P, to itself. Since idp, also serves this role, and & is unique up
to chain homotopy, / and idp, must be chain homotopic, and hence induce equivalent maps
on homology, implying that the transformation induced by using Q. instead of P, — which is a

natural transformation — has an inverse, and hence a natural isomorphism.

Example. Our canonical example of a right exact functor on R-Mod is — ®g N; its corresponding

left derived functors are known as the Tor functors, defined by
TorR (M, N) := Li(— ®g N)(M)
Hompg(—, N) is also right exact, and we define the Ext functors by

Exthy (M, N) := L;(Homg(—, N))(M)

Right Derived Functors Given a left exact functor F and an R-module M with an (again,
arbitrary) injective resolution I®, we can define the right derived functor R'F(M) to be the
ith cohomology of FI*, RIF(M) := HI(FI*). When F = Homg (M, —), we again arrive at
Exth (M, N) := Ri(Homg (M, —))(N). Namely, it doesn’t matter if we compute the Ext functor
via a left or right derived functor, and in the same vein we can show that L;(— ®g N)(M) =

Li(M®g —)(N) = TorR (M, N); further exposition can be found in [ I

A table of correspondences:
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Left derived functor L;F Right derived functor R'G

Right exact functor F Left exact functor G
Projective resolution P, — A | Injective resolution A — I,
L;F(A) = H;(F(P)) R'G(A) = H'(G(P))

Tor functor Ext functor

For computational purposes, it’s useful to note that TorX preserves filtered colimits — colimits
over what are essentially directed preorders — and in particular directed limits (which are,
confusingly, actually colimits) in both variables. In the case of Ab = Z-Mod, since every abelian
group G is the direct limit of its finitely generated subgroups, we only need to know a few
values of TorZ, perhaps computed directly via selecting convenient projective resolutions, in

order to compute a wide variety of Tor groups.

Example. For an arbitrary abelian group G, we may calculate Tor?(Z,, G) by selecting the
projective resolution 0 — Z Xz - Z, — 0, which upon tensoring with G becomes
0 — G =¥ G — 0. The homology of this complex at the Oth position is G/nG, and the homology
at the first position is the n-torsion subgroup ,G = {g € G | ng = 0}. So Tor¥(Z,, G) = G/nG,
and Tor?(Z,,G) = ,G. (The ability of Tor to compute torsion subgroups is where Tor gets
its name). In fact, since every abelian group G can be written as the direct limit of its finitely
generated subgroups, each of which is either some Z" or some Z,, this approach can be used

to show that TorZ (G, H) vanishes for i > 2.

In contrast, Ext is named after its ability to compute extensions of R-modules. An extension
of M by N is an exact sequence 0 - N — X — M — 0, and such an extension splits if
XEMON. If Ext}Q(M, N) vanishes, then every extension of M by N splits; Ext! therefore tells

us what obstruction prevents a given extension of M by N from splitting.

A.3 Cohomology Theories

A.3.1 Spectra

Generalized Cohomology Theories A generalized homology theory is a covariant functor h;,

from the space (Top, Top). of pairs of pointed topological spaces, or inclusions * € A C X and
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inclusion-preserving continuous pointed maps, to AbZ, satisfying the following conditions:

1. h,. sends homotopic maps to equalities: writing f, for h,(f),if f ~ g: (X, A) — (Y,B),
then f, = g..

2. h, preserves coproducts, sending arbitrary joins to direct sums.

3. Writing 1. (X) for h. (X, ) and h,, for the nth element of an object of AbZ, there are exact

sequences
v = 1y (X, A) = hy(A) = by (X) = by (X, A) = by 1(A) — .

4. Forapair (X, A) and U C A whose closure is contained in the interior of A, the inclusion

(X —U, A—U) induces an isomorphism on homology.

A generalized cohomology theory is a contravariant functor h* : (Top, Top)s¥ — AbZ sat-
isfying the duals of the above conditions (since products and coproducts coincide in Ab, we
only need to turn the chain complex in condition 3 into a cochain complex). We may reduce a
generalized (co)homology theory by restricting it to the category of (pointed, connected) CW
complexes, CW, identifying a complex X with the pair (X, *). The reduction will be denoted
as 1, for homology, ii* for cohomology. We have for any reduced cohomology theory a Mayer-

Vietoris sequence: given a homotopy pushout square

X —Y

|

Z —— Y+t 7
there is a natural long exact sequence
s BTTHX) BN Y A Z) (YY) @ RN(Z) = BY(X) = BTN Y+ Z) —

By the Brown representability theorem, every reduced cohomology theory /1* : CWP — AbZ

yields a family {E, },cz of CW complexes such that E,, represents /".

Spectra Recall that, given a pointed topological space X, we may construct the (reduced)
suspension £X = S' A X, with the smash product A defined on pointed topological spaces
X, Y by taking the product X x Y and identifying the inclusions X,Y — X x Y with the same
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point; that is, X A Y = X x Y/X VY. Equivalently, we may construct XX as a homotopy

pushout diagram:
X — CX
ER
This defines a functor left adjoint to the loop space functor Q). This adjunction descends to
homotopy: the set of all homotopy classes of maps from XX to Y, denoted [£X, Y], is in natural
bijection with [X, QY].

Given a reduced cohomology theory /* and its representation 7" (X) = [X,E,|, we may
apply the Mayer-Vietoris sequence to the homotopy pushout £X = CX +% CX: since CX
is contractible, this results in natural isomorphisms /"(X) = h"t1(£X). Hence, [X,E,] &
[ZX, Ey+1] =2 [X, QE,11]; these isomorphisms are natural in X, implying by the Yoneda lemma
that they arise from a homotopy equivalence E, — QE, ;. By adjunction, this gives a se-
quence of homotopy classes of maps XE, — E, 1, though these aren’t necessarily homotopy

equivalences. This leads us to the definition of a spectrum.

A spectrum is a sequence { E, },en of pointed, connected CW complexes, along with structure
maps X.E, — E,11. Every cohomology theory defines a spectrum in the manner outlined above
(use the Brown representability theorem to obtain a representing space E, for each /", apply
Mayer-Vietoris and the £ 4 Q) adjunction to get natural isomorphisms [X, E,] = [X, QE, 1],
apply Yoneda’s lemma and the same adjunction to get a spectrum). In addition, every space
X € CW defines a suspension spectrum ~°° X whose nth space is 2" X, and where the inclusions

are identities.

The Stable Homotopy Category The fundamental result motivating the theory of spectra
is the Freudenthal suspension theorem: for an n-connected pointed CW complex X, the map
(X)) = m(QXX) = mo1(XX) induced by the unit map X — QXX is an isomorphism
for k < 2n. Hence, the reduced suspension will be at least (n 4 1)-connected, and there will be
an m such that the maps 77, (2" X) — 71141 (Z™F1X) are isomorphisms for all k. We say

that the homotopy groups 71, (X" X) stabilize. Correspondingly, we define the kth homotopy
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group of a spectrum E by
() = lim 71, 4 (Ex)
n

where the maps 77, x(E) — 70,41.1x(En+1) are given by the unit maps 71, x(Ey) — 7,11%(ZEn)
followed by the images of the structure maps 2E,, — E, ;1.

Define the sphere spectrum S to be ©>*S%, so that S, = S". The homotopy groups of S are
known as the stable homotopy groups of spheres, denoted by 7;; their calculation is the subject of
immense study, and are very well known. While one can deduce that ng = Z from the fact
that 71,(S") = Z for n > 1, the higher stable homotopy groups are a bit trickier to deduce: we

tabulate a few below, from [ I

Stable homotopy groups of spheres 7, up to n = 10.

n|0| 12| 3 [4]|5|6 | 7 8 9 10
SNVZ |\ Zoy | Zy | Zoy | 0|0 | Zy | Zoso | Zo D2 | Zy ®Z0 D7 | Zs

Spectra study what is "eventually true" about homotopy groups. This motivates the next
few definitions. Given a spectrum E, a subspectrum E’ of E is a sequence of subcomplexes
E, C E, with E;, a subcomplex of E;, ;. If for every cell X in an E,, there is an n such that
X is a cell of some E},, we call E’ a cofinal subspectrum. Thus, every cell of E is eventually
contained within the cofinal subspectrum. Clearly, the intersection of cofinal subspectra is a
cofinal subspectrum, and cofinality is a transitive relation: if E” is cofinal in E’ is cofinal in E,
then E” is cofinal in E.

We must define a notion of a morphism between spectra in several steps.

1. First, consider collections of maps {f, : E, — F,},en such that £f,, and f,, .1 commute
with the inclusions XE,, — E, 1, 2F, — F,;1. Call these functions.

2. Second, we remember our motto of "eventual truth", and consider functions from a cofi-
nal subspectrum E’ C E to F, calling two functions f : E' — F, g : E” — F equivalent if
they coincide on some cofinal subspectrum E” C E' N E".

Functions from a cofinal subspectrum E' C E will eventually be defined on all cells in
E, and restricting to equivalence classes allows us to consider two functions which are

eventually equal identical to one another. Call these maps.
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3. Third, given a CW complex X and a spectrum E, define the spectrum X A Eby (X AE), =
X A E,, with obvious structure maps. Call two maps f,g : E — F homotopic if there’s a
map h : EA[0,1] — F such that the inclusions from E A {0} and E A {1} yield f and g

respectively when composed with . Call a homotopy class of maps E — F a morphism.

Spectra and their maps define the category of spectra Sp, while spectra and their morphisms
define the stable homotopy category SHC. The theory of this category bears an incredible
resemblance to homological algebra, as described in [ ], 10.9. In particular, we can
attach an additive structure compatible with the monoidal closed structure induced by the

smash product A.

Constructing Cohomology Theories As we have seen, we can associate to each reduced co-
homology theory * : CWP — AbZ a spectrum E = {E,, fy : ZE;, — E,i1}nen such that
h"(X) = [X,E,]. The spectra obtained in this manner are Q-spectra, characterized by the
property that the maps E, — QE,; adjunct to the structure maps XE, — E,; are weak
homotopy equivalences.

Conversely, suppose we have a spectrum E in the stable homotopy category SHC, whose
internal hom we will also denote [—, —]. We may obtain a reduced cohomology theory E* from
E by the formula

E"(X) = [Z°X, Z"E]
where X"E is the obvious spectrum: (X"E),, = X"(Ej,) and the structure maps (X"f),, :
YL(XZ"E)m — (X"E);4q are given by (X" f),, = X"(fm); we may obtain a reduced homology
theory E. as E,(X) = 7, (X A E). (A proof that these do indeed define (co)homology theories
is given in [ 1, 8.33).

For instance, starting with an X € CW, we may construct a cohomology theory (X*°X)"(Y) =
[ZY, 222 X]; for X = S, with Z°X = S the sphere spectrum, this yields the stable coho-
motopy cohomology theory.

Higher Algebra Denote by CAl the oo-category of E.-rings and their morphisms (as com-
mutative monoids). The stable homotopy groups 7 (E) of an E.-ring E carry an abelian

group structure; since the 7, are functorial, they translate the commutative monoid struc-
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ture on E into a commutative monoid structure on each abelian group 7 (E), forming a ring.
Every commutative ring R with underlying abelian group R can be obtained in this way by
equipping ~2°K(R, 1) with the right commutative monoid structure, giving us an embedding
CRing — CAly. For Z, this gives the sphere spectrum S, with [E-ring structure given by the
isomorphism S§™ A S" = S™*". This is the sense in which [E-rings are higher homotopical

generalizations of rings.

A.3.2 Singular Cohomology
Take a topological space X. Let Hom (A", X) be the set of maps from the space
A" ={(x0,...,xn) € R™H1 |xo+...+x,=1,x0,...,x, >0}

known as the n-simplex, to X. The images of maps «, f,... in this set are known as singular
n-simplices, and denoted «|[vy, ..., v,], where each vertex v; is the image of the vertex ¢; of
A". We write «|[vy, ..., 7;,...,v,] for the singular (n — 1)-simplex obtained by projecting the
regular n-simplex onto the face opposing the ith vertex and sending that to X. Let C,(X) be the
free abelian group on Hom(A", X), whose elements are known as n-chains, and 9, : C,(X) —
C;—1(X) the linear map defined on bases as

n

On(a) = ;}(—1)%][00,. ey Oiyee, Un

known as the boundary operator. For instance, 0; sends a singular 1-simplex, or a path in X,
to the 0-chain consisting of its end minus its beginning. It's easy to check that 9,10, = 0,
s0 (Cs, 0s) forms a chain complex of abelian groups. Its homology groups are known as the
singular homology groups of X.

Amap f: X — Y generates a map f; : C,(X) — C,(Y) sending & : A" — X to fa: A" = Y.
fﬁa,S’Q = &(ZY) f4, so this map is a chain map, and hence extends to a map f. : H,(X) — H,(Y)
evidencing Hj, as a functor Top — Ab; homotopic maps induce the same map, so Hj, is in fact
amap hTop — Ab.

Given a group G, let C"(X) be the set of all homomorphisms C,(X) — G, known as n-

cochains, which is itself an abelian group. We may precompose any morphism with 9,41 to
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obtain a homomorphism 6! : C*(X) — C"*1(X), ¢ — a0, 1 known as the coboundary op-
erator. Since §"6" 1 (a)(¢) = 90, 10, = 0, (C*,6°) is a cochain complex, whose cohomology
groups H"(X; G) are known as X's singular cohomology groups with coefficients in G. The
failure of H" (X; G) to be equivalent to Homay(H,(X), G) is given by the universal coefficient

theorem for homology, which states that the sequence
0 — Ext(H,-1(X),G) — H"(X; G) — Homap(Hx(X), G)

is split exact; this is a purely algebraic fact, but evidences H"(—; G) as a functor hTop — Ab
as well, and is often useful in computing cohomology groups in cases where Ext is easy to
calculate. Methods for doing actual calculations, such as specific instantiations of the Mayer-

Vietoris sequence, are given in [ I

Eilenberg-MacLane Spaces For G an abelian group, the Eilenberg-MacLane space K(G, n) is
the CW complex, unique up to weak equivalence, such that 77;(K(G,n)) = Gwheni = nand 0
otherwise. It is expedient to give a few examples: K(Z,1) ~ S!, RP>® ~ K(Z5,1) and CPP> ~
K(Z,2). Since m,(QX) = my41(X), there are isomorphisms K(G,n) = QK(G,n +1). By
adjunction, we have an Q-spectrum (HG),, = K(G, n) known as the Eilenberg-MacLane spec-

trum of G. This spectrum represents singular cohomology with coefficients in G, H"(—; G) =
(X, K(G, n)].

A.3.3 Lie Algebra Cohomology

A Lie algebra is an R-module g equipped with an R-bilinear, antisymmetric bracket [—, —]

satisfying the Jacobi identity,
X, [V, Z]|+ Y, [Z,X]] + [Z,[X,Y]] =0

The Lie algebra generalizes the idea of the commutator of a product, and we correspondingly
say that two elements X, Y € g commute if [X,Y]| = 0. Every associative R-algebra can be made
into a Lie algebra with the commutator bracket [X,Y] = XY — YX; this defines a functor R-
Alg — R-Lie, where R-Lie is the category of R-Lie algebras whose morphisms are Lie algebra

homomorphisms, or R-module homomorphisms satisfying ¢([X,Y]) = [¢(X),¢(Y)]. Given
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a Lie algebra g, we can consider the R-module End(g) of endomorphisms of g, which when
equipped with composition as a product and the commutator bracket, is a Lie algebra itself.
The homomorphism g — End(g) sending X to [X, —] is a Lie algebra homomorphism: the
Jacobi identity implies that [[X, Y], —] = [X, =] o [Y, =] = [Y, =] o [X, =] = [[X, =], [Y, —]]- The
map g — End(g), X — [X, —] is generally written as ad, with X — adx, and is known as the

adjoint representation.

An ideal of g is a subalgebra b, or submodule closed under the bracket, such that [X, H| €
for all H € h. We can quotient g by any of its subalgebras, but for the bracket to keep existing

on the quotient module g/h, we require that [X, 0] = 0, which is satisfied when § is an ideal.

A g-module is an R-module M equipped with an R-bilinear action of g, written X, f — Xf.
We do not require that XY f = YXf, but instead that ([X,Y])f = X(Yf) — Y(Xf). Every
Lie algebra g is a g-module in a natural way, since XYZ — YXZ = [[X,Y],Z] — [[Y, X], Z] =
[[X,Y],Z]. Defining a g-module homomorphism to be an R-module homomorphism ¢ such

that (Xf) = X¢(f), we have a category g-Mod of g-modules.
The tensor algebra T(g) of an R-Lie algebra g is the R-module

o0
T(g) =P ka=RBgD (3®r09) D (I OrRIXRY) D ...
i=0

with product given by @r. We can write elements of this algebra as finite sums of the form
r+ X + X3 ®r Xz 4+ .... In general, this process turns any R-module M into an R-algebra
T(M), and does so in a functorial manner (in the obvious way). The functor T is left adjoint to
the forgetful functor R-Alg — R-Mod, and the unit of this adjunction is the obvious inclusion
i: M — T(M), m— m. Weinterpret this as the "most general" way to turn an arbitrary module
into an associative, unital algebra. If we wish to make any identifications of elements on M,
we often do so by moving to T(M) and quotienting by a suitable ideal. For instance, given a
k-vector space V and a quadratic form q : V — k, we can endow V with a multiplication in
which v - v = ¢(v) by taking the quotient T (V) /I, where I is the ideal consisting of all elements
of the form v ® v — g(v). This yields the Clifford algebra C{(V,q). For instance, if we want to
endow R (as a 1-dimensional R-vector space spanned by e1) with a multiplication such that
e1-e1 = —1, we take T(RR)/(e; ® e + 1), which is isomorphic to C.

In the case of Lie algebras, we want to make g an associative, unital algebra, while still
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preserving its bracket. The tensor algebra lets us do even better, turning the abstract bracket
into an actual commutator. Specifically, we take T(g), and quotient it out by the ideal gener-
ated by the relation i([X,Y]) = i(X) ® i(Y) —i(Y) ® i(X). Concretely, we identify the rank 2
tensor X ® Y — Y ® X with the single element [X, Y]. This is known as the universal envelop-
ing algebra Ug, and satisfies the following universal property: any R-module homomorphism
¢ : g — M such that ¢([X,Y]) = XY — YX extends to a unique R-algebra map Ug — M.
This is indicative of an adjunction: denoting Lie for the functor R-Alg — R-Lie that equips the
algebra M with its Lie algebra structure [m,n| = mn — nm, we have U - Lie. In particular, we
obtain for any module an equivalence Hompg_(ie(g, Lie(End(M))) = Hompg a(Ug, End(M)).
A Lie algebra homomorphism g — Lie(End(M)) is precisely a g-module structure on M, and
an R-algebra homomorphism Ug — End(M) is precisely a Ug-module structure (where we
treat Ug as a normal ring) on M. This adjunction therefore yields an equivalence of categories
between g-Mod and Ug-Mod. Since Ug-Mod is in particular an R-Mod, this gives us a lot of struc-
ture on g-Mod. In particular, we note that g-Mod has enough injectives, enough projectives, and
is an abelian category. When g is a free R-module with basis Xj, ..., X;;, as is often the case, the
Poincaré-Birkhoff-Witt theorem allows us to characterize Ug as spanned by all elements of the
form ®j_, ®7;ji(X]~), where n; > 0.

Since g-Mod is abelian and has enough injectives and projectives, we may set up a Lie algebra
(co)homology theory by finding a (left) right exact functor and taking its derived functors.
There are two natural functors:

Given a g-module M, the invariant submodule M® is given by the set of all m € M for which
Xm = 0 for all X € g. The coinvariant submodule Mj is the set of all orbits, M/gM.

—9 acts as a functor by restriction: if m € M% and ¢ : M — N, then X¢(m) = ¢(Xm) = 0 for
all X, so ¢(M9) C N9. The action of any X € g on My is trivial: XY'm is identified with Y Xm is
identified with [X, Y]|m = XYm — YXm, so Xm = 0 for all X. Any g-module on which Xm = 0
for all X and all m is known as a trivial g-module; there’s an obvious functor ¢ : R-Mod — g-
Mod sending the R-module M to the trivial g-module M.

M8 is obviously the largest trivial submodule of the g-module M, and Mj is (less obviously)
the largest trivial quotient g-module of M. It follows that there is a triplet of adjunctions —
1 1 =9, and therefore that —9 is left exact, whereas — is right exact. We define the homology

of g with coefficients in a g-module M as H;(g, M) := L;(—4)(M), and the cohomology of g as
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H'(g, M) := R}(—%)(M). In Ug-Mod, M, is simply R ®y; M, whereas M? is Hom;4(R, M). So,
we may equivalently define H;(g, M) = Torlug(R, M) and H'(g, M) = Extlilg(R, M).

Lie algebra cohomology can also be constructed directly by means of a chain complex known
as the Chevalley-Eilenberg complex. Given a free R-Lie algebra, let A"g denote the nth anti-
symmetric power of g, or ®ig modulo the relation X ® X = 0 for all X € g. Elements of
A''g, denoted by X; A ... A X, take a negative sign when any two terms are switched, since
XX=0 = X+Y)(X4+Y)=X0X+XY+Y®X+YRY=0 = XQY =
—Y ® X. Agis a free R-module, as is Ug, so we may define an IN-indexed family of free mod-
ules C"(g, M) := Hompg(A"g, M) = A"g* ® M whose elements are known as n-cochains; we'll
set up a cochain complex structure on {C"(g)} that allows us to directly calculate Lie algebra
cohomology.

First, define the augmentation map € : Ug — R to be the R-algebra homomorphism associ-
ated to the zero map g — Lie(R) by the U — Lie adjunction. This map sends the inclusion of g
in Ug to zero, and therefore sends all elements of Ug that aren’t elements of R to 0. The kernel
of €, therefore, is the ideal (i(X7),...,i(Xy)) of Ug, where X3, ..., X, are the generators of g.
This ideal is known as the augmentation ideal 3.

An n-cochain f : A"g — M is sent to an (n + 1)-cochain by the differential d given by

n+1

@A) (X1, Xps1) = Y (D)X f (X0, .o, Xy, Xsn)
i=1

n4+1j-1

+ Y Y (D)X X ) X, Xy, Xy, Xg1)
j=1i=1

The zeroth differential d : Homg (R, M) — Hompg(g, M) sends f : R - Mtodf : g — M,
X +— Xf(1), and the first differential d : Homg (g, M) — Homg(f>g, M) sends f to df(X,Y) =
Xf(Y) = YF(X) - f([X,Y]). We see that, for f € C%(g, M), (d>f)(X,Y) = XYf(1) — YXf(1) —
[X,Y]f(1) = 0, and in general d> = 0, making C*(g, M) = ... & C%(g, M) & Cl(g, M) &
C%g, M) < 0 a cochain complex. The cohomology of this complex agrees with the groups
H'(g, M) defined above; for instance, the zeroth cohomology group is the set of all f such that
Xf(1) = 0 for all X, which is equivalent to M®.

The first cohomology group H'(g, M) is the module of all R-linear maps D : g — M such

that D([X,Y]) = XD(Y) — YD(X), known as derivations, modulo the submodule of all inner
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derivations satisfying D([X,Y]) = [X,Y]m for some m € M. H?(g, M), meanwhile, is the
set of all equivalence classes of Lie algebra extensions of g by M, or short exact sequences

0> M-—h—g—0.

A.3.4 Hochschild and Cyclic Cohomology

Hochschild Cohomology Given a k-algebra R (which is not necessarily commutative) and
an R-bimodule M, we define a chain complex Co whose nth element is M ®; R®" (we will
write ®j as ® for convenience), and a series of partial differentials dy,...,9, : M ® R®" —
M ® R®"1 as follows:

D(MRIMN®...Q1,) =mrL®r&...1r

O(MRAMN®...01) =mRN...Q1r1Q...0r, ic{l,...,.n—1}
(MR Q@...Q1,) =rmROrQ...Q01, 1

We define the differential d, : C, — C,,_1 as dy = Y1 ,(—1)0;. From the identity 9;0; = 0;-10;
for i < j, it is easy to show that d> = 0, and hence that (C,,d,) is a chain complex. The
homology groups of the complex associated to the pair (R, M) are known as the Hochschild
homology HH, (R, M).

The category of R-bimodules is equivalent to the category of (left or right) modules over R® =
R ® R°P, where R°P has the same addition and opposite multiplication of R; this homology is
equivalently Tor® (R, M). Analogously, we construct Extk(R, M) by replacing C, = M ®
R®" with C" = Homy(R®", M), or k-multilinear maps R” — M. The partial differentials
&' : Homy (R®", M) — Homy(R®("+1), M) are given by:

(O°F)(r1, .. rus1) = r1f(ra, . Tusa)

(8if)(r1,...,rn+1) = f(ry,...,ticati, oo tev1), i€ {1,...,n—1}

(O"F)(r1, - tns1) = f(r1, oo Tn)Prga

We again define d" = Y, 9, and call the cohomology of the cochain complex (C®,d*) the
Hochschild cohomology HH" (R, M).
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As with Lie algebra cohomology, we can concretely characterize the first few (co)homology
groups.

HHo(R, M) = M/im(0 — 01) = M/{rm —mr | r € R,m € M} = [R_MM]

so the zeroth homology group is given by identifying the left and right R-actions on M, while
HHY(R, M) is given by the kernel of (0° — ') : Hom(R®? — M) = M — Hom(R, M), so
that

HHY(R,M) = {m € M | rm = mr, ¥r € R} = Z(M)

First (co)homology The kernel of d; : M ® R — M is given by Z(M) as well, though the
image of dj is given by {mry @ r, —m@riro+rom®ry | m € M,r1,rp € R}; hence, the first
homology is given by not only identifying rm with mr, but m ® ryr, with rym @ ro +rom @ rq

as well.

To make this clearer, we need a definition. Define the multiplication map R ®; R — R by
sending rq ®x 12 to rirp for r € R; this is well-defined by abstract properties of the tensor
product, and extends to all of R ® R by linearity. Let I be the kernel of this map, an ideal of
R ® R, and define the R-module of Kéhler differentials Qp ;. as I/1>. We equip this module

withamapd: R — Qg v — 1®r —r®1, which is a derivation in the sense that
d(}’li’z) =1Rrrn—rmmnPl=riQrn—rmnel+lrmn —rr=rmr d(?’z) + d(l’l)rz

Tensoring an R-module M with the R-module Qg / allows us to identify m ®g d(r1r2) with
rim@gd(ry) +m®d(ry)ry; if R is commutative, we can move the latter r; to the first argument,

evidencing the map HH;(R, M) = M Qg Qg k, m @kt — m Qg d(r) as an isomorphism.

The kernel of d? : Homi(R, M) — Homi(R ® R, M) is given by the set of maps f : R — M
for which f(r1r2) = r1f(r2) + f(r1)r2, hence a derivation as well. We write the k-vector space of
k-derivations as Dery (R, M). The image of d' : M — Homy (R, M) is given by those morphisms

R — M of the form r — rm — mr. These are known as the principal derivations PDery (R, M).



Bundles 170

Hence,
HHY(R, M) = Deri(R, M) /PDery(R, M)

A4 K-Theory

A.4.1 Bundles

Principal Bundles A principal bundle is a topological space equipped with an action of a
topological group G that splits the space into a set of continuously connected fibers over a base
space of orbits. The setup is as follows: a principal bundle over a group G, or a principal G-
bundle, consists of a continuous surjection 7 from the total space E to the base space B and a
continuous left action of G on E, all fibers 7771 (b) of which are isomorphic. We require that this
action restricts to a free, transitive group action on each fiber, and that the action is locally trivial:
there is an open covering {U, } e of X such that 71 (U, ) is homeomorphic to U, x G for each
A. Such an open covering, along with homeomorphisms Uy x G — 7t~!(U,), is known as a
local trivialization.

A map of principal bundles v : E — B, 7’ : E/ — B is a continuous map E — E’ commuting
with the projections 7, 77/, as well as the action of G. This gives us a category Bung(B) of
principal G-bundles over B. A map f : B’ — B induces a functor given by pullback (in Top):
we send a bundle 77 : E — B to its pullback along f, giving us amap f*E = E xg B’ — B; this
clearly preserves fibers, allowing us to lift the G-action on E x p B’ from the G-action on E. It is
quick to show that the pullback bundle f*E — B is locally trivial, and hence that f : B — B
defines a functor f* : Bung(B) — Bung(B’). Furthermore, homotopic maps f ~ ¢ : B — B
yield isomorphic elements of Bung(B’). Therefore, fixing a bundle E — B and varying the
maps f : B — B yields a map from homotopy classes of maps f : B — B to isomorphism
classes of bundles over B’. We can phrase this as a functor Bung : hTop®P — Set.

It can be shown by the Brown representability theorem that the functor Bung, when restricted
to CW complexes, is in fact representable: there is a space BG such that isomorphism classes of
principal G-bundles over any CW complex X are in bijection with homotopy classes of maps
X — BG. BG is known as the classifying space for the group G.

One (functorial!) way of constructing the corresponding total space, denoted EG, is given
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by Milnor [ I: let E;,G be the join of n copies of G, or the space consisting of formal
sums Y c;g;, where the ¢; € [0,1] satisfy };¢; = 1, and g; € G for each i. We can equip this
with the continuous G-action ) c;g; = ) c;ggi. Let n — oo, and define BG = EG/G, with the
corresponding projection EG — BG being the bundle we want.

There is a nice way to characterize BG in terms of G: by noting that EG — BG is a fibration,

we have a long exact sequence on homotopy groups [ ] given by
coe > 14(G) = 1 (EG) — 1, (BG) = 1, 1(G) — ... = mp(EG) = 0

EG is weakly contractible, i.e. has 77,(EG) = 0 for all n, and this sequence therefore gives us
isomorphisms 71,(G) = 71,,11(BG) for all n. Hence, BG is weakly equivalent to the delooping
of G, or the space X such that QX ~ G. The function of the classifying space functor, therefore,
is to bump up all of its argument’s homotopy groups. This allows us to identify some basic
classifying spaces: for instance, the discrete topological group Z has 71,(Z) = Z for n = 0, and
0 for n > 1. BZ is therefore weakly equivalent to K(Z, 1), i.e. the circle Sl BSY, in turn, is a
K(Z,2), and therefore weakly equivalent to CIP*°.

Fiber and Vector Bundles The notion of a fiber bundle is given by stripping the group struc-
ture from a principal bundle: a fiber bundle is simply a continuous surjection E ~ B of topo-
logical spaces such that all fibers 77! (b), which we will denote Ej, are isomorphic to a single
typical fiber F, along with a local trivialization, or an open cover {U,} cx and homeomor-
phisms ¢, : Uy x F — 7~ 1(U,).

A (k-)vector bundle is a continuous surjection E % B in which each fiber has the structure of
a k-vector space V (which is not necessarily the same for each fiber) and the local trivialization
is compatible with the local trivialization: for all b > U,, the map sending v € V to ¢(b,v)
is an isomorphism V = E,. A morphism of vector bundles E;, E; with a common base B is a
morphism E; — E; commuting with the projections. k-vector bundles over a fixed space B and
their morphisms form a category VB (B). If all fibers of a vector bundle are isomorphic to k",
we say that the bundle has rank n. In the case n = 1, the bundle is called a line bundle. We
shall denote the k-vector bundle on X given by the projection 71, : k" x X — X as T}

Consider the functor VB} sending a space X to the set VB}(X) of k-vector bundles of dimen-

sion n over some space X. It is known (see, e.g., [ , ]) that if X
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is paracompact, then VB} is representable by the infinite Grassmannian Gr, (k), which is the
space of all n-dimensional subspaces of k*°. Namely, VB}(X) = [X, Gr,(k)]. If Gr,(k) is also
some K(G, n), we can chain isomorphisms to obtain VB}(X) = H"(X; G).

In the case n = 1, for instance, Gry, (k) = kIP*°. This gives us the following isomorphisms:
VB (X) = [X,RP*] = HY(X;Z,)

VBL(X) = [X,CP™] = H*(X;Z)

So we may send a complex line bundle E % X to an element of the second singular cohomol-
ogy class of X; this element is known as the first Chern class c1(X). If E 5 X is a real line
bundle, it is represented by an element of the first mod 2 cohomology class of X, known as the
first Stiefel-Whitney class w1(X).



Appendix B

Some Physics

B.1 Functional Analysis

B.1.1 Banach Spaces

In the theory of finite dimensional vector spaces, everything goes right. More specifically, every

such space V satisfies the following:

The double dual of V, V**, is canonically isomorphic to V itself.

All norms on V are equivalent, and induce the same topology.

With this topology, any linear map from V is continuous.

An endomorphism on V is injective iff it is surjective.

The unit ball in V' (under any norm) is compact.

The theory of infinite dimensional vector spaces, however, is far more dangerous: none of these
statements hold, nor can they be easily fixed. In such an infinite dimensional vector space W,

the following properties are satisfied:

* As cardinals, dim W** > dim W* > dim W, these inequalities being strict.

W generally has many different topologies of interest.

¢ Linear maps from W aren’t necessarily continuous.

There are non-surjective injections W — W.

The unit ball is never compact.

173
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In nature, infinite dimensional vector spaces tend to occur as spaces of functions, hence the
name functional analysis. There is a hierarchy of classes of infinite-dimensional vector spaces,
with each level of the hierarchy introducing a new structure, or a new condition to be fulfilled
by a structure provided at the lower tier. At the bottom rung are simply k-vector spaces, where

we assume k is either IR or C.

Normed Spaces The first thing we can do with a vector space V is put a norm on it. This is a

function || - || : V — [0, o0) which satisfies the following properties:

1. Homogeneity: ||cv|| = |c| ||v]|, for ¢ € k.
2. Triangle inequality: ||v + w|| < ||v|| + ||w]|
3. Definiteness: ||v|| = 0iff v = 0.

Equipped with such a norm, V becomes a normed space. This norm induces a topology on

V whose basis consists of open sets
B/(v) ={weV|||lv-—w|| <r}

for all r € [0,00) and all v € V. Given two normed vector spaces V, W, we may ask which
linear maps A : V. — W, also known as operators, preserve the norm, in the sense that
||Av||w < c||v]]v for all v € V, for some fixed ¢ > 0. Such an operator is known as a bounded
operator. It's well known that an operator is bounded if and only if it is continuous: in this
sense, the structure on V that a norm provides is equivalent to the structure that the topology
induced by the norm itself provides. The smallest such c satisfying || Av||w < c||v||v is given
by sup| ¢, <1 ||Av[|w, and is known as the operator norm ||A[|. With this norm, the space
B(V,W) of bounded operators V' — W, with its natural vector space structure, becomes a
normed space itself.

An important family of normed spaces can be constructed as follows: take a measure space

(Q), F,u) and consider the vector space of measurable functions ) — k, k € {R,C}. Define

= (fr)

the p-norm of a function f to be
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for 1 < p < oo. The space of functions f for which ||f||, < oc is a vector space LF(Q), i), but
it isn’t a normed space, since functions which are 0 almost everywhere have norm zero. The
set of all such functions forms a linear subspace of L7(Q), ), though, and quotienting out by it
yields a proper normed space LP(Q), ), known as an L? space, whose elements aren’t strictly
measurable functions () — k, but equivalence classes of measurable functions which differ by
sets of measure zero [ . As p — oo, ||f||, converges to the essential supremum of
| f], since raising | f| to a power p > 1 makes a greater change when |f| is large, with the size of
p exaggerating this change. This allows us to define ||f|| to be the essential supremum of | f|
over (), and thereby obtain the space L= (Q), u).

In the special case when y is the counting measure, which sends a finite S C () to |S| and an
infinite S to oo, the set L7 (IN, y) is known as the ¢ space; its elements are sequences {co, c1, ...}
and the norm of a sequence ¢ = {¢y huen is just (X% |cx|?)Y? when 1 < p < oo, and sup ¢

when p = oo.
Inner Product Spaces Given a (k-)vector space V, an inner product on V is a mapping (-, ) :
V x V. — k which is

1. Conjugate-symmetric: (v, w) = (w, v)
2. Positive definite: (v,v) > 0, and (v,v) = 0iff v = 0.

3. Sesquilinear: Linear in the first argument, and conjugate linear in the second argument.

A vector space equipped with an inner product is known as a inner product space. The norm
induced by the inner product (-, -) is given by ||v|| = +/ (v, v); it is straightforward to check that
this is indeed a norm, and therefore that inner product spaces are a subset of normed spaces.

This norm satisfies the polarization identity

[1f +8lI = 11f =gl = 4Re ((£,g))
as well as the parallelogram law
[1f +8lP+11f =gl =2 (112 +11gI1?)

In fact, an arbitrary norm on a vector space is induced by an inner product if and only if it

satisfies the parallelogram law [ I
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Example. As in the finite dimensional case, two vectors v, w on an inner product space are
orthogonal if (v,w) = 0. For instance, consider the k-vector space of continuous functions
[0,1] — k = C, with inner product (f, g) = fol fgdx. For f, = e2™"* n € Z, we have

1 .
<fm/fn> _ /0 eZm(mfn)x dx

which when m = nis 1 and when m # n is m (ezni(m_”) - 1) = 0. So, in fact, {f,} is
not only a set of pairwise orthogonal vectors, but an orthonormal set. It is not an orthonormal
basis, since an arbitrary f € C|[0, 1] cannot be expressed as a finite linear combination of the f;,
but (since this is just a Fourier transform) we know that we can specify coefficients ¢, = (f, fu)
such that the sum ) ;.7 ¢, f converges to f under the norm induced by the inner product. Such
a "basis" in which every element of the vector space can be expressed as the limit of a countable

sum is known as a Schauder basis.

Banach Spaces A Banach space is a normed space (V, || - ||) which is complete with respect
to its norm, having for each Cauchy sequence {v,},cN a vector v such that lim,_, |[vy —
v|| = 0. This completeness condition ensures that V has "no holes", so that all sequences
that should converge (Cauchy sequences) do converge. An incomplete normed space V can
be made complete in the following manner: take the set of all Cauchy sequences {v; },eN In
V, and, given v = {v,},w = {w,}, define a "metric" on Cauchy sequences by D(v,w) =
limy,—yo0 ||0n — wy||. If V isn’t already complete, this isn’t an actual metric: let v and w be the
same sequence except at the first element to get D(v, w) = 0 with v # w. To fix this, we declare
v and w to be equivalent to be equal if lim;,_, ||vy — wy|| = 0. This is an equivalence relation
by the triangle inequality, and quotienting the set of Cauchy sequences out by it makes D a
proper metric on what is now a complete space, which we denote by V. Of course, if V is
already complete, we can identify Cauchy sequences with the vector they converge to, so V
can be identified with V. If not, then V naturally embeds into V, this embedding being given by
sending a v € V to the equivalence class of the Cauchy sequence (v, v, 7, ...). In this way, every
normed vector space V naturally embeds into the Banach space V known as the completion of

V.

LP(Q), u) is always a Banach space, a fact often known as the Riesz-Fischer theorem. For V an



177 Hilbert Spaces

arbitrary Banach space, the set B(V) := B(V, V) of bounded operators on V is, when equipped
with the operator norm, a Banach space. This space can be equipped with an associative multi-
plication given by composition. A Banach space equipped with an associative algebra structure
is known as a Banach algebra; we also require that ||AB|| < ||A|| ||B||, but this holds trivially
for the Banach algebra B(V). In addition, the normed vector space V* = B(V, k) is also a

Banach space, known as the dual of V.

Example. Banach spaces often appear in the study of differential equations and dynamical sys-
tems, since they allow us to use linear algebra in sufficiently nice topological spaces. For in-
stance, let X be a Banach space, and f a continuous map X — X. f is called a contracting map
ifthere’'sa A < 1s.t. d(f(x), f(y)) < Ad(x,y), where d(x,y) = ||x — y||. f and its positive iter-
ates f2, 3, ... form what is known as a discrete-time topological dynamical system. Of course,
d(f*(x), f"(y)) = 0asn — oo; every { f"(x) }ren is, in fact, a Cauchy sequence, so, given that
X is complete by virtue of being a Banach space, there’s a unique limit p to which all points
converge, known as the fixed point.

We verify that it’s a Cauchy sequence as follows: for n > m,

d(f™(x), f"(x)) < d(f"(x), [ () + -+ d (TR, (%)
11—
In particular, as m — oo, d(p, f*(x)) — 0, implying that f(p) = p. Asn — oo, we get

< (AT H A AT (x), 1) S AL+ A+ AR+ )d(f(x), x) d(f(x),x) =30

d(f™(x),p) < £5d(f(x), x). We say that two sequences of points {x,},en and {yx }nen con-
verge exponentially to each other if d(x,,y,) < cA" for some ¢ > 0, A < 1. In the case that
{yn}nen is a constant sequence y, = y, we just say that {x, },en converges exponentially to
y. We therefore have the Contraction Mapping Principle: under the action of iterates of a con-
tracting map f on a complete metric space X, all points converge with exponential speed to the

unique fixed point of f.

B.1.2 Hilbert Spaces

Hilbert spaces combine the theories of inner product and Banach spaces. In particular, a Hilbert
space is an inner product space H which is Banach with respect to the norm induced by its inner

product or, equivalently, a Banach space whose norm satisfies the parallelogram law. Among
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the L? spaces, this is only satisfied for p = 2, in which case the norm on L?(, j1) is induced by
the inner product (f,g) = [, fgdpu. When a Hilbert space H has an orthonormal Schauder
(countable) basis, it’s called separable. This is essentially a size restriction on H; every Hilbert
space has a possibly uncountable orthonormal basis (assuming the AC), but we will assume
that our Hilbert spaces are separable to avoid size issues. We'll also assume that k = C unless

otherwise specified.

C*-Algebras For the purposes of quantum mechanics, we’re not interested in Hilbert spaces
per se, but in algebras of operators on Hilbert spaces. A Banach algebra of the form B(7#) has
a natural involution operation given by taking adjoints: the adjoint of an operator A € B(H)
is an operator A" satisfying (Av,w) = (v, ATw) for all v,w € H. (In the real or complex
tinite dimensional case, this simply corresponds to taking the transpose or conjugate transpose,
respectively). The fact that adjoints always exist is a consequence of the Riesz representation
theorem, which states that any ¢ € H* can be represented as (—,v) for some v € H; if we set
¢ = (A—,w) for a fixed w € H, this theorem gives us a v such that ¢ = (—,v), and therefore
an identification (Ax, w) = (x,v). This v depends linearly and continuously on w, and hence
can be represented as A'w, giving us the adjoint AT. We can check that this really does define
an involution on B(H): (Ao, w) = (w, ATtv) = (Atw,v) = (v, ATw) = (Av,w), so AT = A.
Furthermore, (ABv,w) = (Bv, A'w) = (v, B"A'w), so (AB)" = BTA™. It can also be verified
that ||ATA|| = ||AT||||A||, and this property, along with the previous two, makes B(H) a C*-

algebra when equipped with the involution (-)*. In general, a C*-algebra is a Banach algebra
with an involution satisfying (AB)" = BTA" and ||ATA|| = ||AT||||A|[; the Gelfand-Naimark

theorem allows us to identify any C*-algebra as a subalgebra of some B(# ).

Observables and Projections Three especially important subsets of B(?) must be distin-
guished: first are the self-adjoint operators, which satisfy A" = A. (Physicists often call a self-
adjoint operator a Hermitian operator, or an observable). For H = R", these are the symmetric
matrices A = AT, and for H = C", these are the conjugate symmetric/Hermitian matrices

A = AH. The eigenvalues of a self-adjoint operator, i.e. those A € C such that Av = Av for



179 Hilbert Spaces

some v known as A’s eigenvector, can easily be seen to be real even if H is complex:
Allel2 = (Ao, 0) = (4v,0) = (0, Av) = (0, Av) = A|[o] 2

In addition, the eigenvectors v1, v, of a self-adjoint A are orthogonal given that they have dif-

ferent eigenvalues A; # Aj:
A1(v1,v2) = (Avy,v2) = (v1, Ava) = Ay (v1,02)

so (A1 — Ap)(v1,v2) = 0, implying that (v1,v2) = 0. We denote the set of all self-adjoint
operators as O(H) C B(H); it isn’t closed as an algebra, since (AB)" = BYAT = BA isn't
necessarily equal to AB, but it is closed under the commutator i[A,B] = i(AB — BA), with
(i[A,B])t = (—i)(BTAT — ATB") = i[A, B].

The second subset of B(H) consists of the positive operators, for which (v, Av) is real and
non-negative for all v € H. Obviously, (v, Av) = (Av,v), suggesting that positive operators are
self-adjoint. Given two self-adjoint operators A, Ay, we write A; > Aj if A} — A is positive;
this forms a partial order on O(H).

Finally, there are the projection operators, those operators P € B(#) which satisfy P? = P.
These operators are necessarily self-adjoint and positive, satisfying I > P > 0, where [ is the
identity operator v = v and 0 is the zero operator 0v = 0. In fact, projections can be charac-
terized as orthogonal projections onto some linear subspace of H. For instance, every v € ‘H
induces a projection operator P,w = v(w,v)/(v,v). Given an operator A, define its range to be
R(A) = AH and its null space to be N(A) = {v € H | Av = 0}. Given a family {P,} of pro-
jections, we can then define the meet A\, P, to be the smallest closed subspace of H containing
N« R(Pyx), and the join VP, to be the smallest closed subspace containing | J, R(Py). Denoting
by P(H) the subset of O(H) containing the projections, these are the inf and sup operations
with respect to the partial order on P(#) inherited from O(#H ).

Diagonalizability Since we’ve assumed H to be separable, we can fix a countable orthonor-
mal basis (ey, ep,...), and represent any v € H as the converging sum ) ;°; v;e;, where v; =

(vi,e;). This allows us to write (v, w) = (Y;vie;, Y jwjej) = };vw;, and to express an op-
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erator A in terms of a "matrix" A;; = (e;, Aej). With this notation, the usual formulas for
finite-dimensional vector spaces can be extended: (Av); = Yij Aijvj, (AB)ij = Yk AiByj, and
so on. In particular, A is diagonal when A;; = 0 for i # j, and diagonalizable when there is an
orthonormal countable basis in which A is diagonal. Two self-adjoint operators A, B are mutu-
ally diagonalizable when there is a single basis in which they’re both diagonal; this happens
when [A, B] = 0.

The trace of an operator A is givenby Tr A = }; A;; = Y ;{e;, Ae;); this value is independent
of the basis chosen, being a property of the operator A itself. This sum may not always con-
verge, but when it does, A is said to be of trace class. For instance, we can take the trace of a
projection operator of the form P:

_ e: e.) = e: U<eilv> _ 1 e v 2 _ 1 0_2:
Tr Py = ) (ei, Poei) Z<w (v,v>> <v,v>;‘<“ ! Zi|vi|2;’ e

i i

On the set of trace class operators in B(H), denoted 7 (), the trace generates a norm: take
an operator A and define the self-adjoint operator AT A, which has real eigenvalues 71,07, . . ..
The trace norm of A, denoted variously as ||A||. or Tr VAT A, is then ¥, \/0i. With this norm,
T (H) is a Banach space; in fact, its dual can be identified with B(#) itself. We say that 7 (H)
is the predual of B(H), and write T (H) = B(H)..

Any operator p € T (H) with trace 1 is said to be a state; the projection operators P, are
special among these, and are called pure states. It is a consequence of the Hilbert-Schmidt
theorem that an arbitrary state A can be decomposed into a sum of finitely many pure states as

A=YN, ciPy,, where the {v;} are orthonormal and YN =1

Bra-Ket Notation Let H be a complex Hilbert space. Dirac’s bra-ket notation prescribes that
we write an element i of H as |ip), calling them kets, and elements ¢ of H* as (¢p| == (¢, —),
calling them bras. Note that physicists tend to write the inner product as being conjugate
linear in the first argument, rather than the second, which is why we’ve used (¢, —) instead
of the (—, ¢) above. We'll continue to use this convention for this section. The inner product
of two kets |¢), i) is written as (¢|). The correspondence between H and H* given by the

Riesz representation theorem sends a c|¢) to ¢(¢|, and a term of the form A|¢) to (| AT, where
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we define the action of an operator A on a bra (¢| as

((¢lA) [9) = (o] (Al))

We generally require our bras and kets to be normalized, requiring that (|i) = 1; an arbitrary
element of H can be normalized by dividing it by its norm. In contrast to the inner product,
bra-ket notation allows us to express the outer product of a bra (¢| with a ket |¢), which is the
operator ) (¢| that acts on a |¢) as (|¢)(¢|)(|C)) = |¢)(¢|¢). We may also speak of the outer
product of two bras (¢1|(¢2| or kets |1)|ih2), which is just defined to be the tensor product
in H ® H. We'll rewrite a few of our above formulas in this notation: A;; = (e;|Ale;), [v) =
Yilei)(eilv), Tr A = Y, {(e;j|Ale;), and P, = |v)(v| (note that |v) is assumed to be normalized).
Note that since v = }; |e;) (e;|v) = (X |e;) (ei|) v, we can write }; |e;) (e;| = I. This is known as
a resolution of the unity, and can be inserted anywhere: for instance, (v|w) = Y_;(v|e;) (e;|w).
Commonly, H = L?(M, C) where M is a Riemannian manifold with metric ¢ and the inner

productis (¢|¢) = [,, ¢ ) w, where w is the volume form on M.

Resolution of the identity works when we replace the {¢;} with an arbitrary orthonormal
basis, for instance the eigenkets of a self-adjoint operator A, when they form a complete set.
In physical systems, we often use the case of A = H, where H is an operator representing
the Hamiltonian, whose eigenvalues are thought of as the allowed energy levels of the system.
The eigenvalue equation H|y) = E|¢) is known as the time-independent Schrodinger equation.
The Hamiltonian H generates a one-parameter group of operators U; = e*%tH where ¢4 =
I+A+1 1A%+ ... satisfies the usual propertles of the exponential, and 7 is a positive constant.
We have U;Us = ¢ —i(t+s)H = U;4s and u* — et = _ ¢, SO that LI,gLIJr U*Ut = [; operators
whose adjoints are their inverses are known as unitary, and the group {U; }+cR is known as the
unitary group generated by H. For instance, the unitary group generated by if ;- d on L2(R) is

given by
i d x2
Usf (') = e b () = () = (f 2+ 5074 ) () = £ =)

where we’ve identified the penultimate step as a Taylor expansion. The operator ih% is the
quantum analog of momentum, and we correspondingly say that momentum is the generator

of translation.
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B.1.3 Von Neumann Algebras

A C*-algebra M given by the subset of some B(H) is a von Neumann algebra if it has a predual.
Defining the commutant of an arbitrary unital C*-subalgebra M C B(H) to be

M :={Ae€B(H)| AB=BAforall Be M}

von Neumann’s double commutant theorem states that M is a von Neumann algebra if and
only if M = M". Note that if a von Neumann algebra M is contained in its commutator
M/, it must be abelian; if it is in fact equal to its commutator, we call it maximally abelian.
On the other hand, a commutator might be called "maximally noncommutative" if M and M’
are as disjoint as possible, having only in common scalar multiples of the identity. Such a von
Neumann algebra for which M N M’ = {zI | z € C} is known as a factor. The most obvious
example is B(H ) itself.

Any von Neumann algebra can be reconstructed from its set of projections P(M), as M =
P(M)"”. In this way, we can study M simply by studying its projections which, as noted
previously, form a lattice with meets and joins. We may put an equivalence relation on P (M),
whereby A ~ Bif there’san X € M satisfying X'X = A and XX' = B. This generates a partial
ordering on P(M), whereby A < B if there is some A’ with R(A’) C R(B’) and A ~ A’. We
can "approximate" arbitrary operators P € P(H) from the perspective of an arbitrary von
Neumann algebra M by taking its outer M-support, or the smallest operator in M greater

than or equal to P:
3Py = NQePM)[Q= P}

We may also take its inner M-support, or the largest operator in M less than or equal to P:
'(P)p =\V{QePM)|Q=P}

Every factor M admits a function d : P(M) — [0,0], known as the dimension function,

which satisfies the following properties [ I

1. d(A) = 0iff A = 0.
2. d(A) < < iff B=< Aand B ~ A imply B = A.
3. d(A) <d(B)iff A <B.
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d(A) d(B) iff A ~ B.
B) =d(AANB)+d(AV B).
B) =d(A)+d(B)if A L B.

Up to multiplication by a constant, there is exactly one function satisfying these properties;
we can normalize it as we wish, but we cannot change what its range looks like. The nature of
the ranges of the dimension functions of factors allows us to classify them into several different
types. We list the classifications corresponding to different (normalized) values of range(d):

Discrete
e {0,1,...,n—1,n}: 1,
e {0,1,...,00}: I
Continuous
e [0,1]: I
* [0, 00]: Il
Purely Infinite
e {0,00}: I

More concretely, we can characterize these in the following way: M is a type I factor if there
is a non-zero projection A such that there is no other projection B with B < A and B ~ A but
B # A. Such a projection is known as a minimal projection. Any type I factor is isomorphic
to some B(#H), which is a type I, factor if dimH = n < oo and type I, otherwise. M is type
II if there are no minimal projections, but there are projections A such that B < Aand B ~ A
imply B = A (known as finite projections); if there’s an infinite projection, M is type I, else
II;. If M is neither type I or type II, i.e. contains no finite projections, then it is type III. There is
a further refinement, due to A. Connes, of type III factors into type III,, A € [0,1], though we

will not discuss it.

In a von Neumann algebra M, there’s a natural embedding M, — M?™ given by taking
a ¢ € M, and defining its action on M as ¢(A) = A(P). If a ¢ € M™* can be obtained in
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this way, and it is a state, it is known as a normal state. Normal states can additionally be
characterized by the following continuity property: for any countable family {P, } of mutually
orthogonal projections in M, ¢ (\/ P,) = ¥ ¢(P,). On the von Neumann algebra B(H), every
normal state ¢ acts on operators A as ¢(A) = Tr(PA) for some unique state & € T(H) C

B(H); in this context, ® is known as the density operator corresponding to ¢.

Gelfand Representations Given an abelian von Neumann algebra M, denote by X\, the set
of C-algebra homomorphisms A : M — C such that A(I) = 1, known as its Gelfand spectrum.
With the weak-* topology, 2 \( is a compact Hausdorff space. The Gelfand representation theo-
rem states that M is isomorphic as a C*-algebra to the C*-algebra of continuous complex func-
tions on X ; this construction, which is functorial, is in fact half of a contravariant equivalence
between the categories of unital C*-algebras and compact Hausdorff spaces. The isomorphism
sends an operator A € M to a continuous function A : Ly — C, A(A) = A(A), known
as its Gelfand transform; if A = A", then A = ZJr, implying that self-adjoint operators are
transformed into real functions.

Of particular interest is the image of projections P € M under the Gelfand transform, P(A) =
A(P). Since A(P)? = A(P?) = A(P) forany A € X, the range of P must be {0,1}. The function
A judges a projection P either true or false, and the transformed projection P judges a function
A as A judges P. We denote by Sp the set of A € ¥, on which P is 1; since P is continuous,
Sp is closed, being P ({1}), and open, being the complement of P! ({0}), making it a clopen
subset of X .

B.1.4 Quantum Probability Theory

The structure of classical probability theory is as follows: fix a set X and a c-algebra F on X.
A function y : F — R such that u(@) = 0,u(X) = 1, and pu (U2, A;) = L2, u(A;) for pair-
wise disjoint A; is known as a probability measure on the measurable space (X, F), and the
measure space (X, F, u) is known as a probability space. The sets F € F are known as events,
1(F) as the probability of F, F as the event space, and X as the sample space. A function
f:X=(X,F,u) — R" where R" is given its Borel c-algebra, is F-measurable if preimages

of measurable sets are measurable; every measurable function f : (X, F) — (Y, G) defines a
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pushforward measure jip on Y by 1 (G) = f(u~(G)) for G € G.

For quantum probability, we fix a von Neumann algebra M and identify elements of its
predual M, with unit vectors |¢), on which an operator A acts as |¢) — (A)y, which is the
expectation value (| A|p). The embedding of |¢) in M*, i.e. a normal state, is defined by
p(A) = (A)y = Tr(PyA). With this in mind, we define a quantum probability space to be a

von Neumann algebra M equipped with a specified normal state |¢).

If M is abelian, then, since von Neumann algebras are C*-algebras, M is isomorphic to
the C*-algebra C(X) of continuous functions from a compact Hausdorff space X to C by the
Gelfand representation. With this isomorphism, it can be shown that the normal states on M
are in bijection with the Radon measures on X. The correspondence goes in the other direction
as well: any probability space (X, F,p) gives a von Neumann algebra L (X, F, p), which
is interpreted as acting on L2(X, F,p). L*(X,F,p) is spanned by the family of projections
{xr : F € F}, whose span is in fact dense in L*>°(X, F, p). The measure p defines a state ¢ on
L>®(X,F,p) by ¢(f) = [ f dp which, since p is countably additive, makes ¢ normal.

So, an abelian quantum probability space gives us a classical probability space, and a classi-
cal probability space gives us an abelian quantum probability space. We can therefore loosely
state that the study of abelian von Neumann algebras is equivalent to classical probability the-
ory. Noncommutative von Neumann algebras, then, must give us noncommutative measure

theory.

Every normal state ¢ on M determines a probability measure y on P(M) (with the dis-
crete o-algebra), with ¢ (\/ P,) = Y ¢(P,) for countable disjoint n being the equivalent of o-
additivity. We have p(I) = 1 and p(0) = 0, with all projections being placed between those
two dependent on their position in the complete lattice P (M ). Gleason’s theorem says that the
converse is true when M = B(H): every map p : P(H) — [0,1] satisfying the equivalent of
o-additivity extends uniquely to a normal state on B(H ). In fact, every finitely c-additive map
extends to a (not necessarily normal) state. This theorem can be extended to any von Neumann

algebra with no direct summand of type I,.
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B.2 Quantum Mechanics

The section on functional analysis is based on [ , ], and the natural segue
into quantum probability theory relies on many sources, including [ ,
, , ], each of which tells a small part of a large story.

In addition to the sources used in our discussion of functional analysis and quantum probabil-

ity theory, we use [ ] as a source for quantum mechanics.

B.2.1 Classical Mechanics

We'll sketch out the basics, using [ ] as our primary source for classical
mechanics in its traditional, analytic sense; [ ] concerns the porting of this theory
over to manifolds, which will later allow us to discuss general relativity and more abstract

models of mechanics such as those encountered in synthetic differential geometry.

Equations of Motion Suppose we have a system consisting of N particles in a three-dimensional
space. Each particle has an x,y, and z component, and we require 3N degrees of freedom to
express the state of this system at any given moment. Generalizing this, suppose the quanti-
ties q1, ..., qs completely define a system: these g; are generalized coordinates, and their time
derivatives g; are their generalized derivatives. Heuristically, if all coordinates 4 = {g;} and
velocities 4 are given, the accelerations § are uniquely determined.

The most general formulation of classical mechanics is given by the principle of least action,
which states that (a) there is a function L(g, 4, ) (known as the Lagrangian of a system’s gener-
alized coordinates at a given time (of which g and 4 are themselves functions), and that 4 and
g are specified so as to extremize the action

t2
S= /t1 L(q,4,t) dt

To play around with this, we’ll need some concepts from the calculus of variations. For a

functional F[f], the functional derivative is given by
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For instance, the functional derivative of the action is given by

05 —lim1 tZL( +en,g+e€n,t)—L(g,q,t)dt
5q(to)  e—0ely a7 en gl 94

_lim 2 [ 2L( 't)+e'3L( i, t) 4+ O(e?) dt
= g 4:4: g1 4.4

e—~0€ Jy

If we set boundary conditions on what q(t1),4(t1),4(t2), and §(t) are, we must also set

n(t1) = n(t2) = 0, so as not to alter these conditions. Then, applying integration by parts, we

ﬁ_/tz OL _d (OLN] .
o7 Ji T\ og ~ ar\ 9

Since the principle of least action implies that g is selected so as to extremize the action, we

get

must be at a peak (or trough) of the action, and 5/5g must be zero, regardless of what 7 is;
the expression in the brackets must therefore be zero. Therefore, any g obeying the principle of

least action must also obey the equation

4 (oLy oL _,
dt \ 04 oq

which is known as the Euler-Lagrange equation.

Lagrangians and Hamiltonians In a vacuum, we can assume by symmetry that we're in a
reference frame where space is homogeneous and isotropic (the same regardless of orientation);
such a reference frame is called an inertial frame. In an inertial frame, the Lagrangian can’t
refer explicitly to the radius vector, the time, or the direction of the velocity, implying that the
Lagrangian for a free particle is solely a function of 7- 7 = v2. Plugging this finding into the

Euler-Lagrange equations, we see that = 0, so 0L/ 07 is constant; since this is a function

dt 07
of 7 only, it follows that 7 is constant, and therefore that free motion in an inertial frame has
a constant velocity: this is known as the law of inertia. Heuristically, two inertial frames,
perhaps moving at different velocities, are equivalent in all mechanical respects: this is known

as Galileo’s relativity principle.

For a system of particles which interact with each other, but which are isolated from exterior

forces (a closed system), we subtract from the kinetic energy term T = ) %mivf a potential
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energy term U that depends on the locations r; of the particles, giving us
1
L= szivf —U(ry,..., 1)

Solving the Euler-Lagrange equations gives us

dvi ou

TR

Such equations of motion are called Newton’s equations, and the term on the LHS, mv;, is
known as the force. Note that, since the equations of motion depend entirely on derivatives of
the Lagrangian, the potential is effectively only defined up to a constant; we generally choose
this constant such that the potential goes to zero as the particles get infinitely far away from
one another.

Given a Lagrangian L, we may define the conjugate momentum to a coordinate g; to be
pi = g_gfi' For instance, when L = 1mg? — U(q), p = mq. If the kinetic energy T is a function
of 4 alone and the potential energy a function of g alone, then } ; p;4; = 2T, and the quantity
H =Y pigi — Lyields T + U, the total energy of the system. This quantity, which is in general
conserved, is known as the Hamiltonian. While we express the Lagrangian as a function of g,
4, and t, we conventionally express the Hamiltonian as a function of p, g, and t. By matching

different expressions for the total differential dH of the Hamiltonian,

OH OH OH .

we can obtain Hamilton’s equations,

dp  OH dg 0H

it~ 0g  dt  dp

B.2.2 Measurements

As per Dirac, "a measurement always causes the system to jump into an eigenstate of the dy-
namical variable that is being measured." To illustrate, say an operator A with some corre-
sponding physical variable (e.g., position) has eigenkets {|a;) }, where a; refers to an actual
value of the variable. A normalized ket |«) is represented in this basis as |a) = }_c;|a;), where

c; = (aj|a). When we make a measurement of the variable corresponding to A, |a) jumps into
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one of the |a;), and the probability of a specific ket |a;) is |(a;|a}|?. Since |a) is normalized, we
know that Y | (a;|a}|?> = 1, so the probabilities sum to 1. The expectation value of A in the state
|a), denoted as (A), (« is often suppressed, especially when it is some ground state), can be
calculated as

(A)y = ZaiP(ﬂi) = Zai|<ai|‘x>|2 =YY (alaj)(aj|Ala;){a;]la) = (x| Ala)

a; a;
Define the commutator of two observables A, B as
[A,B] = AB—BA
and the anticommutator of A and B as
{A,B} = AB+ BA

The observables A, B are said to be compatible when [A, B] = 0, and incompatible otherwise.

Suppose A’s eigenvalues are nondegenerate and generate a basis, in which the matrix rep-
resentation of A is diagonal. If B is compatible with A, B is diagonal in A’s basis as well.
Why? (a;|[A, B]|a;) = (a;|0]a;) = 0 = (a; — a;)(a;| Blaj), which by nondegeneracy implies that
(a;|Blaj) = 0 unlessi = j. So, really, the eigenkets of A are the eigenkets of B, though they
may have different eigenvalues: they are said to be simultaneous eigenkets, and are sometimes
denoted by |a;, b;). We may also use a collective index, |K;) = |a;, b;). Due to the simultaneity
of the eigenkets, measurements of A do not interfere with measurements of B, and vice-versa;
this can be extended to larger sets of pairwise compatible operators. Of course, if A and B are
incompatible, then simultaneous eigenkets generally do not exist and successive measurements
do interfere with each other.

To represent our uncertainty in the result of a measurement, we adopt the statistical notion
of variance, calling it dispersion: defining AA = A — (A), the dispersion, also known as the

variance or mean square deviation, is given by the expectation of (AA)?, or
((AA)%) = (A% —24(A) +(A)%)) = (A%) — (4)

It is more convenient to denote this by 3.

For observables A, AA is also Hermitian, since the expectation is a real number (implicitly
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multiplied by the identity) and thus equal to its own adjoint. We can use the fact that an
operator can be defined by its action on all possible kets to lift certain identities on vectors
in Hilbert spaces to corresponding identities on their operators: for instance, if we assume
that operators A and B are Hermitian, we can lift the Cauchy-Schwarz identity («x|a)(B|B) >
|(«|B)|? to a corresponding identity (A%)(B?) > |(AB)|?. Since the dispersion operators of
observables are Hermitian, this implies that 0303 > |(AAAB)|? for any observables A, B. In
fact, expanding this yields:
2

(AB]) + 2 ({AA,0B)] = JH{[A, B+ 1({AA,AB})P

hof > [(AAAB)P = | ]

giving us the important inequality
1
008 2 5|([A, B])|

Note that "o4" is notational trickery, since o3 itself is not a square, but the expectation value
y A q p

of a square; however, as 3 corresponds to variance, 04 corresponds to the standard deviation
of A).

B.2.3 Position, Momentum, and Time

We’ve been dealing with finite-dimensional spaces so far, where spectra are finite and every-
thing converges. Now we’ll move to infinite-dimensional spaces, replacing Kronecker deltas
by Dirac deltas and sums by integrals: for instance, (a;|a;) = J;; becomes (a;|a;) = (i — j), and
Y. |ai)(a;| = 1 becomes [ |a;)(a;|di = 1.

Consider a position operator x on one dimension, whose eigenkets x|x;) = x;|x;) form a
complete set. An arbitrary physical state |¢) can be expanded as |a) = [~ |x;)(xi|a) dx;.
Suppose we centered a detector of length ¢ at position xp: when the detector registers a particle,

the state changes:

00 xo+L/2
) = [ )l ax — [ ) ) d,
o] 0—

The probability of the particle being detected in this range is given by

xO—M/Z 5
[ e P ax
XQ—Z/Z
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Of course, as ¢ — oo, this probability goes to 1 as long as |«) is normalized.

To consider three dimensions x, y,z, we must be assured that measurement in one dimen-
sion does not affect the other two, so [x,y] = [x,z] = [y,z] = 0. Defining ¥ as a collec-
tive index for x,y, z, such that |X) is a simultaneous eigenket for the observables x,y, z, con-
sider the infinitesimal translation operator J (dX)|X) = |X + dX). What properties should
we expect such an operator to have? It should preserve normalized eigenkets, implying that
(2| TT(dX) T (d%)|a) = (a]a) = 1 and therefore that [J (dX) is unitary. We should also have
J(dxX))J(d%,) = J(d¥ + d¥%) and J(—dX) = J~1(dX). Finally, as d¥ goes to zero, J (dX)
should go to the identity operator: limyz_,o J (dX) = 1.

If we take J(dX) = 1— iK - d% for some hermitian K = (Ky, Ky, K), all these properties
are satisfied (up to O((d%)?), which is good enough, since d¥ is infinitesimal). Accepting this
to be the correct form for J(dX), we note that [¥, 7 (dX)] = dX and therefore that [x; K;] =
i6;j. This K seems to generate translations, so it must be in some way related to momentum.
Since K - d¥ is dimensionless, K has units L~!. We can define it as 7 divided by some constant
with the dimension of action, L2MT~!. Calling this constant %, we rewrite 7 (d%) = 1 — ip -
dx/h, assuring that momentum really is the generator of translation. Our commutation relation
becomes [x;, p;| = ifié;;, and we can now state the Heisenberg uncertainty principle as a special
case of the more general relation above:

Note: [p;, p]-] = 0,and we can use p = (px, Py, pz) to create a simultaneous momentum eigen-

ket | 7). This forms one of the three canonical commutation relations of quantum mechanics:

[xi,xj] =0 [pi,pj=0]  [xip;] = ind;

Time Evolution Suppose a state |a) is pictured at some time ;. We write this state as |, to),
and its evolution to an arbitrary time ¢ we write |, fp; ). We want a time evolution operator
U(t to)|a, to) = |a, to; t) with the same conditions as the above infinitesimal position operator.
We again make the choice U(ty + dt, ty) = 1 — iQdt for some Hermitian Q). In classical me-

chanics, the Hamiltonian H is the generator of time evolution, and we correspondingly define
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Q) = H/h, giving us U (ty +dt, ty) = 1 — iH dt/h. We find that
U(t+dt, tg) —U(t tg) = —i(H/h)dtU(t, to)

and therefore that

ih%u(t, o) = HU(t t)

Multiplying both sides by a state ket |«) immediately leads to the time-dependent Schrodinger
equation,

ih%](x, o;£) = Hla, to; 1)
Defining the exponential of an operator A by the Taylor series for the usual exponential, e =

1+ A+ A?2/2+ A3/6+ ..., the solution to this equation is the same as it is for a normal differ-

ential equation:

U(t, tg) = e iHE=t0)

when H is not a function of time,

when H is a function of time but [H(t1), H(f2)] = 0, and

00 Nt gt bn
Ultt) =1+ Y (_1) / /1/ "H(8)H(t) ... H(ty) dty dts ... dH
n=1 h to Jto to

when H is a function of time and [H(t), H(t2)] # 0. We'll generally deal only with the first
case.

Suppose that H is time-independent and generates a complete basis {|a;)}, with Hla;) =
E, |a;). Setting ty) = 0 and expanding the time evolution operator in terms of |a;)(a;|, we find

that
e i1t =YY" ;) (ajle 1 a;) (a;] = Y |a;)e 7Ee! (a;]
i i
For an arbitrary ket |a) = Y; |a;) (a;|a) = Y ¢, |a;), we have

ja; ) = e 51 a) = Y cqe™H o |ay)
1

it

So the coefficent c,,(t) is given by ¢,, (f) = cge



193 Position, Momentum, and Time

How does the expectation value of an observable change over time? Observe:
(B)a, = (i t|Blas, t) = (a;|U* (t,0)BU(t,0)|a;) = (aj]en™'Be~ #F'|a;) = (a;|B|a;)

implying that the expectation values of observables taken with respect to energy eigenstates
does not change over time. Energy eigenstates are correspondingly known as stationary states.
In general, this does not hold true for expectation values taken with respect to superpositions
of energy eigenstates, which are correspondingly known as nonstationary states.

The above exposition is an example of the Schrodinger picture of quantum dynamics, in
which state kets are postulated to change over time while observables stay constant. We can
view this in another way, though: state kets are constant, while observables change. This
is known as the Heisenberg picture, and relies on the following mathematical equality: con-
sider two state kets |8) and |«) and an observable U. Since observables are unitary, (f|a) =
(B|UTU|«). For an operator X, consider the action of a unitary transformation X — U"XU on
(B|U|a). We have

(B1X|a) — (BU*XU]a)

But we can view this in two equivalent ways:
((BlU™) X (Ua)) = (Bl (U"XU) |a)

So either the bras and kets change as |¢) — Ula), or the operator itself changes as X —
UTXU. These two pictures have different physical interpretations, but are entirely equivalent;
in the case that U = U, the time evolution operator, we recover the Schrodinger-Heisenberg

distinction.

B.3 Relativity

As in classical mechanics, to talk about nature we need a reference frame, or coordinate sys-
tem. We would like moving bodies not acted upon by external forces to move at constant
velocities; a reference frame in which this holds is known as an inertial reference frame. We
can have multiple reference frames, each attached to a distinguished point serving as the ori-

gin; if one is inertial, and the other moves uniformly relative to the first, the other is inertial.
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Galileo’s principle of relativity states that laws of nature are identical in all inertial reference
frames. This principle, however, was formulated with the idea of instantaneous transmission
of physical signals in mind; in experiment, we find that this doesn’t happen, and that the max-
imum velocity of propagation is a finite constant known as the speed of light, c ~ 3 x 10% m /s.
Einstein’s principle of relativity states that physical laws are invariant under choice of inertial
reference frame; in particular, they all measure the same c. Theories of mechanics built upon

this principle are called relativistic.

B.3.1 Intervals

In special relativity, the primitive objects of study are events, or points in spacetime (R*). Sup-
pose two events happen with spacetime coordinates in a reference frame K given by (x1,y1,21,t1)

and (x2,Y2,22,t2), respectively, corresponding to the emission and receiving of a light-speed

signal, respectively. The signal covers a distance c(t, — t1) whichis equal to v/(x2 — x1)2 + (y2 — y1)% + (22
SO we can write
(2 —x1)*+ (2 —1)*+ (2 —21)* — Pt —11)> =0
In a system K’ where the coordinates of the two events are (x},y},2},t]) and (x5, 5,25, t5),
respectively, the velocity c? is still the same due to the principle of invariance, so we have
(xy =212+ vy —v1)* + (2 —2)* = At — 1) =0
In general, in a reference frame K where two events have coordinates (x1,y1,21,¢1) and

X2,1Y2,22,1t>), the interval between those two coordinates is given b
y g y

sh =l —t)? — (2 —x1)> — (2 —y1)* — (22— 21)?

We’ve deduced that if the interval is zero in any one reference frame, it’s zero in all reference

frames. If two events are infinitely close to each other, the interval ds between them is given by
ds*> = 2 dt* — dx® — dy* — dz?

If we measure the same interval in two different reference frames K and K’ to get ds and ds/, it

follows from the facts that (1) if ds = 0 then ds’ = 0 and (2) ds and ds’ are infinitesimals of the
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same order, that ds and ds’ are proportional to each other: ds = ads’. Since space and time are
homogeneous and isotropic, the constant of proportionality cannot depend on the coordinates
or the time, nor can it depend on the direction of the relative velocity. Therefore, ds’ = ads,
with the same constant of proportionality. It follows that ds = a®ds, so a> = 1and a = +1. a
obviously can’t be —1, since moving between three reference frames would give us ds = —ds,
so we must have @ = 1. Therefore, ds = ds’ and s = s’. The interval between two events is

independent of the frame of reference.

The Light Cone Suppose we have two events in spacetime, viewed from a reference frame
K, and you, a massive object (no offense) want to get from one to the other by traveling along a
straight line. Were we to attach a reference frame K’ to you, putting you at the origin, we’d find
that both events have the same space coordinates in K’. Introducing the notation t1, = t, — 3
2

and 1%2 = (xp —x1)%+ (2 — y1)2 + (22 — z1)?, the intervals in K and K’ are S, = czt%2 — 1%2 and

s’lz2 = czt?2 — 1122 Since 1122 = 0and 5%2 = 5’122, we have 5%2 = czt%2 — l%z = czt"lz2 > 0. So you can
get from one to the other if 52, > 0. We call such an interval timelike, since all that’s keeping
you from traveling along it is time. If we want the two events to happen at the same time, we
require s2, < 0, and call the interval spacelike, since you’d have to teleport through space to
get from one to the other. Because of the invariance of intervals, the spacelike/timelike divide
is an absolute division, independent of reference frames; at any point p in a coordinate system
there is a cone defined by x? + y? + z2 — c?t?> = 0 known as the light cone, any point outside
of which is absolutely remote relative to p, and any point inside which is either in the absolute

past or absolute future relative to p, where t < 0 and t > 0, respectively.

Proper Time Suppose that we're at the center of an inertial reference frame K, we have two

clocks C and C’, and we chuck C" away at an arbitrary velocity. During an infinitesimal period

of time dt as measured by our clock C, C’ will travel a distance \/dx? + dy? + dz2. Because of

the invariance of intervals, ds?> = c?dt?> — dx? — dy? — dz* = c2dt"?, so

ds dx? + dy? + dz? v?
r_ 95 _ _ - _
dt' = ; —dt\/l ST =dty/1 2
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Integrating this expression, we see that over a time interval f, — t; measured by C, C' experi-

é—ﬁ:ﬂ\M—gw
1

Since this interval is less than t; — t1, C’ is seen as lagging. Paradoxically, however, from C'’s

ences a time interval

reference frame, C is lagging!

The proper time for an object is the time read by a clock moving along with that object,
which is the integral [ ab % taken along the world line of the clock. For two points separated by
a timelike interval, this integral has the maximum value when taken along the straight world

line joining these two points.

B.3.2 Lorentz Transformations

We want to translate the set of coordinates (x,v,z, t) in the reference frame K to another set
of coordinates (x',y/,2/,#') in a reference frame K’. Supposing K’ moves along K’s x axis at a
velocity V, in classical mechanics we'd set x’ = x + Vt,y' = y,z' = z,t' = t, which is known as
the Galilean transformation, but this fails to leave intervals invariant, making it unacceptable

for relativistic mechanics.

Setting T = ict, such that s> = x? + y? + z2 + 72, and changing coordinates to (x, v, z, T), what
we’re looking for is precisely an isometry of this space. It’s then either a parallel displacement
or a rotation. Displacement doesn’t matter, since it only changes the origin, so we want a ro-
tation: every rotation can be broken up into six rotations in the xvy, zy, xz, Tx, Ty, Tz planes. We
don’t care about xy, zy, xz, Ty, or Tz rotations, so this must be a Tx rotation, changing coordi-
nates as x = —7’siny, T = T’ cos . From this it follows that tanyp = iV /¢, so simple algebra

leads us to the change of coordinates

X 4 Vi , , PV

x:\/:W ]/:}/ z=2z t:\/:vz
Sz ez

This transformation is known as the Lorentz transformation. Clearly, it yields the Galilean

transformation as ¢ — co. As a consequence, suppose a rod moving along the x axis at velocity
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V relative to us measures its own length as Ax’: we will then measure its length as

Ax'
V2
\V 2

In other words, the faster it goes, the shorter it appears to us. This is known as Lorentz con-

Ax =

traction.
By considering such a transformation for infinitesimal dx, dt, we can find formulas for the

transformation of velocities: under the same conditions as above, we have

/ V2 / V2
_ oV tylma o vyl-oa
x 'V - 'V Uz = %
1—|—ch—2 1—|—Z)yc—2 1+UZC—2
Again, as ¢ — oo, we get the classical transformation, in which vy = v} + V.

We generally denote the factor —1 as <, the Lorentz factor. So, for instance, we can restate

2
1-Vv=
2

Lorentz contraction and time dilation as Ax = yAx" and At = yAt/, respectively.

B.3.3 Four-vectors

We'll set ¢ = 1 from now on; if you want, you can figure out where it’s been hidden via dimen-
sional analysis. In the four dimensional spacetime manifold in which relativistic mechanics
take place, Minkowski space, vectors have three space components and one time component,

and are known as four-vectors. The inner product on this space is given by
a-b=a%"—a'd' — a?p® - a°p°

We can write this neatly by introducing a metric tensor 7;; on this manifold, given by

10 0 0
Jo-1 0 o0
=0 0 1 o0

0 0 0 -1

Soa-b = nijaibj . We can restate several of the above developments in sleeker ways: the in-

finitesimal interval (or line element) is given by ds> = —#;;dx'dx/, the path length and proper
& y 1ij p & prop
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dxi dxJ [ dxidx]

Recall the Einstein summation notation: (i) when the same index appears in both a raised and

time are given by

a lowered position, we implicitly sum over it, e.g. v;w' = Y+ ; v;w' (ii) we use the metric to
raise and lower indices at will, e.g. v = 7/ v;, and (iii) putting indices in square (curly) brackets

indicates that we wish to take their commutator (anticommutator), e.g. VW) = ViWj — Ujw;.

j]
By rewriting everything in terms of tensors, we can express relationships without invoking any
sort of reference frame; doing this makes an equation, relationship, or theory covariant (which
has nothing to do with covariance/contravariance of tensors).

The velocity of a particle x/, parametrized by its proper time, is given by v/ = J;x; since
dt? = qijdxidxf , we have qijvivf = 1, the interpretation being that we’re always traveling at the
same speed through spacetime (light-speed, really; examining units, the 1 yields a hidden c),
and that moving faster through space just means moving slower through time. The momen-

tum of a particle is given by p' = ymv’, and the energy is ym. The force on a particle is given

B.3.4 General Relativity

General relativity is far more subtle, though a significant portion of the legwork was performed
in the previous discussion of Riemannian geometry. We postulate that gravitational force on an
observer is equivalent to the "pseudo"-force experienced by an observer in an accelerating ref-
erence, a postulate known as the equivalence principle. Our sources include [ ,

, ]. The differential geometry book [ ] discusses general rel-
ativity as well, focusing in particular on "Einstein manifolds", or Riemannian manifolds whose

metrics are solutions to the vacuum Einstein field equations.

Pseudo-Riemannian Manifolds We begin by recapping some constructions on a pseudo-
Riemannian manifold (M, g). The Levi-Civita connection V; is the unique connection on M that

preserves g and has vanishing torsion tensor, and its difference from the ordinary derivative 0;
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is given by the Christoffel symbols,
‘ 1 .
I = §8M (Okgej + 0igex — Degjk)
Having written these down, we can express the action of V; on a vector v/ as
Vivf = 81'Uj + Fjikvk

In local coordinates, the Christoffel equations give us second-order differential equations for

the position x' of a "particle" traveling on a geodesic, known as the geodesic equations:

d>x' | dx) dxk

T 0

T T

(Compare this with the result that the geodesics in a flat space are straight lines, i.e. ¥ = 0). For
any given initial position x' and velocity dd—”;i, the theory of ordinary differential equations tells

us that a unique solution exists to the geodesic equations.

Given an infinitesimal square with sides v and w’, parallel transport of a vector x’ around
the square generally fails to leave x! unaltered. The difference, as a vector, is linear in v, w', and
x!, and hence is given by y’ = Rei jkvf wkx for some tensor R’ ijk known as the Riemann curvature

tensor. In terms of the Christoffel symbols, this tensor can be given as
14 4 14 14 14
Rk = Ol — Ol + T3, I = T, T

Contracting it yields the Ricci curvature R;j and scalar curvature R:

We define the Einstein tensor G;; by

1
Gij = Rij — 5Rgj
A metric g;; which solves the equations G;; = 0 is one which distributes the curvature of M

"most evenly" [ ]. A key property of the Einstein tensor is its vanishing divergence:
ViG;; = 0.
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The Stress-Energy Tensor General relativity historically has its roots in an attempt to gener-
alize the Poisson equation, a field-theoretic version of Newtonian gravity. Given a mass density
p and a gravitational field § expressed as the gradient of a scalar potential ¢, Gauss’s law reads
V - § = —4nGp, where G is a gravitational constant. Plugging in § = — V¢, we obtain Poisson’s
equation,

V2p = 4nGp

To generalize this to the framework of special relativity, we first need to figure out how to
replace p with something that respects mass-energy equivalence and transforms like a tensor.
The solution is a symmetric tensor T;; known as the stress-energy tensor. An observer with
velocity o' will measure a mass-energy per unit volume of Ejvivf . Given an x/ orthogonal
to v#, the component —Tijxf v is interpreted as the momentum density of the matter in the x/
direction. A y¥ also orthogonal to v’ can be plugged in along with x/, and Tijxiyf is interpreted as
the x'-y/ component of the stress tensor for a point in an arbitrary material body. To summarize,
the stress-energy-momentum tensor Tj; gives us stress when we plug in two position vectors,
momentum when we plug in a position vector and an orthogonal velocity vector, and energy
when we plug in one velocity vector twice. Conservation of energy implies that the stress-

energy tensor has vanishing divergence: ViTij = 0.

The Einstein Field Equations We’ve identified the mass density p with the mass-energy den-
sity Tijvivj . Now we have to replace V2¢ with a tensorial quantity as well; it should have at

most second-order derivatives of the metric, and it should be divergence-free.

A first guess is given by the observation that the differential acceleration of two nearby par-
ticles with separation vector x is given by —(x - V) V¢. However, since their world lines will be
geodesics, and a fortiori curves on our spacetime manifold, we know that this same accelera-
tion is given by —R’ ].l.kvj okx!. So let’s make the correspondence R’ ].Z.kvf ok = 9,0'p, and therefore
(‘324) = R¢ itk = Rjk, and conclude that the correct covariant generalization of the Poisson equa-
tion is given by Ri]'vivf = 47TGTi]'Z)in , or more concisely R;; = 47tGTj;.

This was, in fact, one of Einstein’s guesses. It is wrong. It is in general true that ViGi]- =
Vi(Ri]- - %Rgi]') = 0, and hence the divergence of R;; is given by V%Rgij = %V]'R. Hence,

divergence-freeness of R;; implies that V;R = 0, i.e. that R and hence T = T'. are constant
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throughout the universe! The correct solution to the problem is contained within the problem
itself: we replace R;; with %Gi]-, which we already know to be divergence-free. This yields the
Einstein field equations:

Gjj = 8nGTj

Comparing units, we see that there’s a hidden c~% on the right-hand side; it is convenient to

define Einstein’s constant by x = 871G /c* and simply write Gij = «Tj;.

The Lagrangian Formulation In Lagrangian mechanics, we associate to a physical system a
function of time L(t) known as the Lagrangian, which governs the dynamics of the system;
the Lagrangian is allowed to operate on the positions and velocities of the particles, e.g. as
L(t) = L(q(t),4(t)) = 3mq(t)> — mgq(t). In a field-theoretic context, such as general relativity,
we may also consider the Lagrangian as a function of fields ¢ and their first derivatives 9, ¢,
eg. asL(t) = [ %@@Wfp — %m2¢2 d3x. In this case, we refer to the term which is integrated
over space to get the Lagrangian as the Lagrangian density L. Integrating the Lagrangian over
time yields the action, S = [ Ldt; the principle of least action states that the positions/fields
involved in the Lagrangian are chosen so as to minimize the variation of the action under an
arbitrary variation in said positions/fields S = 0.

A covariant formulation of Lagrangian mechanics requires us to replace 9, with the covari-
ant derivative V, so as to make all terms appearing in the Lagrangian tensorial; further, if we
wish to work on an n-dimensional Riemannian manifold (M, g), we must integrate the scalar
Lagrangian density £ with respect to the volume form /[g[ d"x, where d"x := dx; A ... Adx,
and |g| is the determinant of the metric tensor.

In a vacuum, the Einstein-Hilbert action of general relativity is given by the Lagrangian

density Ly = R/2x:
_ (R [
Sy = /ﬂ |gld*x

Upon variation of the metric, this yields

1
oSy = / (Rw - §R8MV) g/ |g| d*x

(A detailed derivation is given in [ ]). Since this must be zero for all variations of

the metric, we obtain Ry, — %ng, = Guy = 0, Einstein’s equations for a vacuum.
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To add mass-energy fields, we add an arbitrary density £ to the Lagrangian density, which
by the linearity of integration splits the action S into Sy + Sps, the sum of the vacuum and

mass-energy actions. Working in reverse, we define the stress-energy tensor as
2 4Sum
Vgl og"

guaranteeing that the principle of least action reduces to Einstein’s equation, G,y = xTj,y.

T’/”/ -

B.4 Quantum Field Theory

This section discusses the Lorentz covariant generalization of quantum mechanics to fields
known as quantum field theory. Our sources for vanilla quantum field theory are [

, , ]; the two-volume series [ ]
delivers mathematical rigor to the field. Being especially confusing, we have tried to root our
discussion of spinors in representation theory, for which the books [ ,

] are useful.

B.4.1 Representations of the Lorentz Group

Recall that the distance between two points x¥, y* of Minkowski space X is given by

Mudy") P =\ (20— g0 (L =y )2 - (2 = 22 (- )
(7e"y")

An isometry of Minkowski space is a continuous map X — X preserving the distance between
points; the set of all such isometries is a Lie group known as the Poincaré group. It is ten-
dimensional, with 4 dimensions dedicated to translations, three to rotations (x-y, x-z, y-z), and
three to boosts, or rotations involving the time dimension (t-x, t-y, t-z).

Discarding the translations gives us a six-dimensional Lie group known as the Lorentz group

L = O(1,3); its objects are all linear maps, and hence can be written as matrices A", satisfying
M Ao A3y = xy”

In matrix notation, such a A satisfies x"yy = (Ax)Tn(Ay) for all x,y, and hence ATyA = 7.
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It follows that det(ATyA) = —(detA)? = dety = —1, so that detA € +1. Also, letting
e = (1,0, 0,0), we have

1= (e")Ty(e%) = (M) (Ae®) = (A%)? = (ATg)? = (A%)? = (A%)?

so that (AOO)2 > 1, implying that either AOO > 1 or AOO < 1. It follows that L is composed of
four connected components, each consisting of all transformations A with a specified determi-

nant and sign of AY,. We write these components as
Ll ={AeL|detA=1,A%>1} L*={AecL|detA=-1,A%<1}

and likewise for Lt, Lﬁ. LL which contains the identity, is often known as the restricted or
proper orthochronous Lorentz group, SO (1, 3). Defining the space inversion and time rever-
sal operators P = diag(+1,—1,—1,—1) and T = diag(—1,+1,+1,+1) gives the structure of

the Klein four-group {14, P, T, PT} to these four connected components.

Since the exponentiation operator e~ from a Lie algebra g to its Lie group G is continuous,
and hence has an image contained in one connected component, g depends solely on the special
component of G containing the identity. Thus, the Lie algebras of L = O(1,3),S0O(1,3), and
Ll = SO7(1,3) are all the same. This algebra is generally written as s0(1,3).

Fix a Lie group G and Lie algebra g. A Lie group representation of G is a smooth homo-
morphism IT : G — GL (n;C) for some n. A Lie algebra representation of g is a Lie algebra
homomorphism 77 : g — gl(n;,C) = End(C"). Since the Lie algebra of a Lie group is the
tangent space to its identity, the pushforward of any Lie group representation defines a ho-
momorphism between Lie algebras; this homomorphism preserves brackets, so that Lie group
representations induce Lie algebra representations. If g is the Lie algebra of G, it isn’t true in
general that (Lie algebra) representations of g come from (Lie group) representations of G, but,

if G is connected, we may find a group G; fitting into a short exact sequence of groups

1—m(G) — G 5 G6—1

known as the universal covering group of G. Representations of g are in bijection with repre-

sentations of Gy rather than G.
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Define the 2 x 2 Hermitian Pauli matrices as

(Generally, ¢¥ is omitted, giving us three Pauli matrices). These obviously span the space
H(2,C) of 2 x 2 Hermitian matrices, and in fact we have a pair of isomorphisms —, — : R* —
H(2,C) defined by x = d,,x"0", ¥ = nux'c”. We can computationally verify that detx =
det¥ = x - x, and ¥x = x¥ = (x - x) . It follows that, for an arbitrary determinant 1 complex
matrix A, the linear map ¢(A)(x) = (=) }(AxA") defines a homomorphism ¢ : SL (2;C) —
L; in fact, we can show that it is a surjection SL (2;C) — Ll with kernel ¢! (Iy) = {£hL} =
Z7/27.

Topologically, LL is equivalent to R? x SO(3), and therefore nl(Ll) = m1(SO(3)) = Z/27Z.

It follows that the homomorphism ¢ : SL (2,C) — LL fits into a short exact sequence
1—2Z/2Z —SL(2,C) - LT —1

evidencing SL (2; C) as the universal covering group of LIL.

Given a Lie group or algebra representation M, a subspace V of C" mapped into itself by
all TI(g) is known as invariant; {0} and C" are trivially invariant, but any representation with
no nontrivial invariant subspaces is known as irreducible. Every representation of SL (2;C)
decomposes as the direct sum of irreducible representations, i.e. I1(g) = I11(g¢) ®I1x(g) @ ... D
IT;(g) with each IT;(g) an n; X n; matrix, where E}‘zl n; = n. We define a pair of representations
11(1/20), 17001/2) : S, (2;C) — GL (2;C) given by

11/20 (4) = A 1101/2)(A) = (A") !

For v € {0,1/2,1,3/2,...}, we define IT"*") : SL (2;C) — GL (4**;C) by

T (A) = (% H(1/2'0>(A)) ® <(§ H(o,1/2)(,4)>
i=1 i=1

The I1(Y) are the irreducible representations of SL (2;C). Every irreducible representation

of the Lorentz algebra can be recovered as the pushforward of some IT10"), which we de-
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note 7t*"). Under an infinitesimal Lorentz transformation, or an element g € 50(1,3), an
n-component complex field ® = (¢,...,¢,) described by a Lorentz covariant theory must
experience an infinitesimal change described by a matrix M(g) € gl (n;C), where M is a repre-
sentation of 50(1,3) and thus decomposes as M = @, (i), The largest y; + v; is known as

the spin of ®.

Spinors The Lorentz algebra is a 6-dimensional vector space, with three rotation dimensions
and three boost dimensions. It is spanned by the set J*V = i(x*0V — x"0") of tangent vectors

(since J#¥ = —J'#, there really are only six), and satisfy the commutation relations
UF“/’ ]PU] — '(WVP]P‘U — ;7149]1/‘7 — UVP]P‘P + UVU]VP)

Any set of six n X n matrices S* satisfying the same commutation relations (in particular,
SH,SVH = 0, so that S"# = —SHY) defines a Lie algebra homomorphism so(1,3) — gl (n;C),
8 P
and hence a representation of the Lorentz algebra.
Any set of four n x n matrices y# y# such that ¥V + V¥ = 2y#V 1, yields a set of matrices

SH = i[’y”, 7] satisfying these relations. One such set of gamma matrices is given in block

diagonal form by
0 12 0 o i
70 = Vi = ;
12 0 —ot 0
This yields matrices
. j k
SUBSIELEN CARNRN ST S C
210 - 2 0 of

and, for a family of scalars cuv, gives the representation ¢y, J#" +— ¢,y S*Y, known as the chiral
representation. This representation decomposes as 7(1/20) @ 71(01/2); complex 2-dimensional
vector fields transforming according to 77(1/29) and 7(01/2) are known as the left-handed and
right-handed Weyl spinors, whereas a 4-dimensional complex vector field transforming ac-

cording to 1(1/20) @ 71(01/2) is known as a Dirac spinor.

The most notable property of Dirac spinors is their behavior under rotations: consider for

instance the action of an infinitesimal 6 degree rotation in the xy-plane on a Dirac spinor, which
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we obtain by exponentiating its representation:

0 0 0 [0i0/2 0 0 |

0 6i 0 0 e 0/2 0
— )

—0i 0 0 0 0 €92 9

0o 00 |0 0 0 e2

Under a full 360° = 27 revolution, a Dirac spinor doesn’t return to its original state, but picks
up a minus sign; it takes a 720° = 477 rotation to return the spinor to its original state. Dirac
spinor fields are spin 1/2 fields, as opposed to scalar fields, which transform under the trivial
representation of the Lorentz algebra and are hence spin 0. In general, a spin n > 0 field
requires a 27t /n degree rotation to return to its original state; spin 0 fields are invariant under

any rotation.

B.4.2 Spin Structures

Spin structures on Riemannian manifolds offer a way to abstractly study spinorial structures

such as those introduced in B.4.1.

The Spin Group Recall from there that, given a connected but not simply connected Lie
group G, Lie algebra representations of the Lie algebra g of G are not in bijection with Lie group
representations of G, but instead in bijection with Lie group representations of the universal
covering group of G, or the simply connected Lie group G; fitting into a short exact sequence

of groups

1—)7‘[1(G) >G1 > G 1

Take G = SO(n), the special orthogonal group in n dimensions. This Lie group consists of all
orthogonal matrices A € R"*" such that ATA = AAT = [,, and det A = 1. Its Lie algebra so(n)
consists of the skew-symmetric matrices A = — AT, with Lie bracket given by the commutator
[A,B] = AB — BA. m1(SO(n)) = Z,, so SO(n) is not simply connected’; its universal covering

group, or equivalently its double cover, is known as the spin group Spin(n).

IConsider the loop of 6-degree rotations around a fixed axis, 8 = [0, 27].
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Spin(n) is constructed as follows: let V be the vector space R" equipped with quadratic form

g:R" - R,q(v) = (v,v), and let TV be the tensor algebra on V, or the vector space

TV=RaVa(VaV)e(VavaV)ad...

&
k=0
Elements of this algebra look like formal sums ¢ + vy + v1 ® v2 + .. .. Define the Clifford algebra
C/{(V,q) to be the quotient algebra given by identifying any term of the form v ® v with the real
number g(v). This is naturally a graded vector space, with C/¥(V, ) being the vector space of
tensors of k vectors (after reduction)?.

We define the pin group Pin(n) to be the set of all formal sums of strings of the form v1v; ... vy,
where q(v1) = q(v2) = ... = g(vy) = 1. Using the canonical basis {e, ...,e, } of R"”, we may
express an element of Pin(n) as a formal sum of even-length strings of the ¢;. The spin group
Spin(n) is the set of all formal sums of even strings in Pin(n). This group satisfies an anticom-
mutation relation: 2 = (¢; + ¢j)(e; + ¢j) = eje; + ejej + eje; + eje; = 2 + ejej + eje;, implying that

eiej = —6]‘61'.

Frame Bundles Given a smooth manifold M, the tangent bundle TM = II,c T+ M, equipped
with its canonical smooth structure, yields a vector bundle TM — M sending a point x and
tangent vector v’ to x to x alone. Define a frame at a point x € M to be an ordered linear
basis of TyM, and let F, denote the set of all frames at x. The bundle FM = Il,cpFx has a
natural GL (1;R) action; as invertible matrices freely and transitively send frames to frames,
7t : FM — M is a principal GL (n;R)-bundle.

If M has a Riemannian metric Sijs then we may consider the set of orthonormal frames at x,
or ordered bases (¢!, ...,0!,) such that v;'{v]l; gij = Oke- This yields the orthogonal frame bundle
o : FoM — M, which is a principal n-bundle. If furthermore M is orientable, such that we
may distinguish between positively and negatively oriented orthonormal frames, then we may

form the special orthogonal frame bundle 7t5p : FsoM — M, which has as its fiber at x the set

ZNote that the multiplication inherited from TV does not respect this grading.
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of all positively oriented orthonormal frames at x; this forms a principal SO(#)-bundle.

Let p : Spin(n) — SO(n) denote the double covering defining Spin(#n), and let M be an
oriented Riemannian manifold, with notation as above. A spin structure on M is a principal
Spin(n)-bundle 75, : Fs,M — M equipped with a 2-fold covering ¢ : Fs,M — FsoM of
bundles, such that 7150 0 ¢ = 715, and, for all x € Spin(n), ¢(x - f) = p(x) - ¢(f). Such a

structure may not necessarily exist; if one does, M is said to be a spin manifold?.

Spin Representations Suppose we have a principal G-bundle 7w : E — M, where M is a
smooth manifold, and a continuous homomorphism p : G — Diff(M’), where Diff(M’) is the
group of diffeomorphisms on the smooth manifold M’ with the C*-topology. G then has a
free action on E x M, given by ¢- (e,x) = (g¢-¢,0(g)(x)). Taking the quotient of E x M by
its G-orbits yields a fiber bundle 7o 71y : E X, M' — M with typical fiber M’, known as the
associated bundle to p.

In particular, if we have a continuous representation p of G on a k-vector space V, or a con-
tinuous homomorphism p : G — GL(V) C Diff(V), the fiber bundle E x, V — M has typical
fiber V, yielding a k-vector bundle. If G has a canonical representation, such as SO(#n)’s repre-
sentation as determinant-1 orthogonal matrices over IR", we can turn principal G-bundles into
vector bundles in a canonical way:.

We initially motivated the construction of Spin(n) as the universal covering group of G,
the Lie group whose representations are in bijection with Lie algebra representations of so(n);
these representations aren’t in bijection with those of SO(n) due to the latter’s not being simply
connected. Hence, there are representations of so(n) which are associated to representations
of Spin(n) but not to representations of SO(n). A representation p : Spin(n) — GL(V) is such
a representation when —1 ¢ kerp, and is known as a spin representation. By virtue of our
construction, we can generalize the constructions of the spin and special orthogonal groups to
any vector space V equipped with a quadratic form g; in particular, starting with an IR-vector

space V, we may construct its complexification V¢ := V @R C, a C-vector space, yielding the

3M admits a spin structure iff the second Stiefel-Whitney class w,(M) € H?(M, Z,) vanishes, in which case

spin structures on M are in correspondence with elements of H' (M, Z,).
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Lie groups Spin(n,C) and SO(n, C). If we instead keep V = R" and define the quadratic form
by g = diag(1,...,1,—1,...,—1), with a copies of 1 and b = n — a copies of —1, we obtain the
Lie groups Spin(a, b) and SO(a, b).

Spinor Bundles Recall from B.4.1 the definition of the Pauli matrices:

10 01 0 —i 1 0
o0 = ol = 0? = o=
01 10 i 0 0 -1

We will use these to construct a complex representation of Spin(n, C). Suppose that n = 2k
for some k € IN. There is then an algebra isomorphism of C/(C", q) with 22 sending the
basisej, j € {1,...,n}, to:

(jeven) (¢°)®*1/2) g (ich) @ (0?)®U/271)

(odd) (¢)2K=0HD12) g (i0?) @ (¢?)=((-1)/2)

(This construction is given in [ ). If n = 2k + 1 is odd instead of even, a
similar isomorphism yields C/(C", q) = C2*2° @ C2*2*. Hence, if we define the vector space
Ay = C%, for n = 2k, 2k + 1, we obtain Cl(C",q) = End(Ay) for n even, End(A,) ® End(A,)
for n odd.

For n even, this isomorphism yields a faithful (and therefore spin) representation of Spin(n, C)
over the vector space C2"?; as there is an inclusion Spin(n) — Spin(n, C), this yields a repre-
sentation on Spin(n) as well, which we will denote by «,. By our previous argument, given a
spin manifold M of even dimension, we can construct a complex vector bundle FspM Xy, Ay —
M known as the spinor bundle SM. A section of this bundle is known as a spinor field; we may

now call the elements of A, themselves spinors.

The Dirac Operator The bases e;, ..., e, of Spin(n) will be sent to a set of fixed 2/2 x 2""/2

complex matrices by the above isomorphism, which matrices which we denote L, ..., 9" these
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generalize the gamma matrices?. For convenience, we define an "extra" gamma matrix 7" 1 =
n(n+1)/2,1 n
D/ 201 [,

Recall the definition of the Christoffel symbols on the Riemannian manifold (M, g) as
, 1 5
Fje =58 (Ok&ej + 9igek — Ougix)
and the definition of the Levi-Civita connection as
Vv =0 + Fjikvk

The Levi-Civita connection naturally lifts to a connection 1-form w on FspM, and therefore to
a covariant derivative V; : I'(SM) — T'(T*M ® SM) on the spinor bundle. (See [

], IL.4, for details). Given a choice of coordinates {el, ...,e"}, we define the
Dirac operator D : T'(S) — T(S) by Dy = ¥; ' V;1; using Feynman'’s slash notation, we may
write thisas D = Y.

B.4.3 Quantization of Classical Field Theories

The setup for studying classical field theories in Minkowski space with metric y#¥ = diag(+1, —1, -1, —1)

is as follows:

1. Obtain the Lagrangian density of the theory, typically by subtracting its potential energy
term from its kinetic energy term. As an example, we will work with the Lagrangian of a
free scalar theory,

1 1
_ Uy 22

2. Plug L into the Euler-Lagrange equations,

oL oL
o (a(aﬂ¢)> ) =0

and then simplify to obtain constraints on the fields (equations of motion). We iterate this

process over each free variable ¢ in our theory; thankfully, the free scalar theory only has

4The isomorphism C/(C",q) = End(A") defined above is one of many possible isomorphisms, each of which

defines a different set of gamma matrices.
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one free variable. Plugging the above £ into the Euler-Lagrange equations, we calculate

a(aﬂcpay()b) . 8(;7}“/8#4)81/4)) yva(aﬂcp) a(av()b)
O(Oue)

o) — 9(0u) 7 9(0ug)
= O'p+ (0V9)ol = 20V ¢

o + ’7”1/8#47

and hence obtain the equation

0P + m*p =0

Writing 0,0" as 9, this becomes the Klein-Gordon equation
(0% +m*)p =0

Look for solutions to the equations of motion. In the case of the free scalar theory, whose
single equation of motion is the Klein-Gordon equation, the equations of motion look like

plane-waves,
¢(xy) = e P

with p, = (w, k) consisting of an angular frequency py = w and wavenumber (p1, p2, p3) =

k such that pupt = w?* —k* = m?.

. If we want more information, we may calculate the Hamiltonian density of the theory.

In a theory with n free variables ¢4, ..., ¢, this is first done by associating to each ¢; a

conjugate momentum
0L
b 0(Oudi)

and then deriving the Hamiltonian as

H = (i H?aoqbi) —L
=1

For our free scalar theory, we have

= 3#4;

and hence

1 1 .1
H=0"ponp — L = S0°p00p — 5 ) 090" ¢ + Sm¢?
i=1
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SICR

5. Alternatively, we can define the stress-energy tensor T", of the theory, given by
. oL
0 (0ug)

This gives rise to four conserved quantities,

Oy — L)

P~ [ 1V

For the Klein-Gordon Lagrangian, we obtain a stress energy tensor of
o _ au 1 M 0 242
T, = 0'g0,9 — 50! (9,90 p — m¢?)

For u = v = 0, we reclaim the Hamiltonian, and for 1 = 0, v # 0, we obtain

‘ 3
TOZ — ZWUTO]' — _Toi — aOcpal(P
j=1

This gives us a set of tools for the analysis of classical fields.

Another example is given by classical electromagnetism. Setting ¢ = 1, define the electro-
magnetic four-potential A, to have as its timelike component the electric potential ¢ and as its
spacelike components the magnetic vector potential A. The exterior derivative of this one-form

is known as the electromagnetic tensor F,,, and as a matrix looks like

_Ex O _BZ By
_Ey BZ 0 _Bx
_EZ _By Bx O

The Lagrangian of classical electromagnetism is given by
field

e \— source

—~

1
E - —%FVVFVV—AV]V
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where J# = (p,]) is a four-current. With some effort, we may show that the Euler-Lagrange
equations read
a‘uF o — ;Llo]v

For v = 0 this reducesto V - E = nop = p/€o, Gauss’s law. For v = 1,2, 3, we obtain V x B =

poj + %,

or Ampere’s law.
Canonical Quantization To quantize a classical field theory with position variables ¢4, . . ., ¢,

and conjugate momenta IT!, ..., TI,;, we turn the position and momentum variables into oper-

ators @1, cee, (/A>n, ﬁ;f S, fIZ, and impose the equal-time commutation relations
[@i(t, ), T10(t, )] = i6®) (% — )0

with all commutators among ¢s and among IIs being zero. The Hamiltonian H, being a func-
tion of ¢ and Il, becomes an operator H as well, as does H = f H d3x.

Fundamentally, quantizing H gives it a quantized spectrum. In the case where we have one
variable ¢ with no self-interactions (i.e., the Euler-Lagrange equations are linear in ¢), we have
a lowest-energy vacuum state |0) to which we can add a "particle" with momentum 7 via the
creation operator ﬁ;%, and remove a particle with momentum g7 via the annihilation operator
ﬂq’.

Additional variables will define additional pairs of annihilation and creation operators, gen-
erally denoted (E;, /b\q), (E;;, ¢;), and so on. We may reconstruct ¢ from the annihilation and
creation operators by means of a mode expansion which, in the case of the Klein-Gordon field,
is given by
~ ap 1

t,xX) = /

YO0 = | Gy J2E;

where p-x = (t,7) - (t,X) = £* — - %, and E; = /> + m2. We interpret ¢(x) as creating a

particle at position x. We define the state |f) consisting of one particle with momentum 7 by
P /\-I- ==\ — —

|P) = @%/0), so that (7]7) = 6®)(F - 4).

In general, though, our theory will not be free from self-interactions, so we have to replace

/\_’ _lpx /\t lpx
<ape —l—ape >

the vacuum state |0) with a more mysterious ground state |(}). While acting on |0) with Zz\‘f:.

yields a state with a single particle of momentum p, acting on |Q)) with ﬁ;f; guarantees nothing
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but a superposition of particles whose momenta sum to p.
The dynamics of a quantum field theory can be analyzed via its correlation functions, num-

bers of the form
(Qfp(x1) - plxa)p(y1)" .. p(yn)"|)
which express the probability for particles created at positions vy, . .., y, to travel to positions

x1,...,Xn. To evaluate these, we need some additional machinery.

Green’s Functions Given a linear differential operator L, e.g. Lx(t) = m dth( ) +cx(t), we
define the Green’s function of L to be a function G(¢,u) such that LG(t,u) = 6(t — u). Given a

differential equation Lx(t) = f(t), we may use G to solve for x as

- /G(t,u)f(u)du

noting that

—L (/ G(t,u) f(u) du) - /LG(t,u)f(u) du = /(S(t — ) f(u) du = f(F)

Normal and Time Ordering When we have a series of scalar fields ¢(x), ¢(x,) being multi-
plied, we define the time-ordering symbol T by T (x1) - ... ¢(xu) = ¢(xi,) - ... - P(x;,), where
the x;, are such that x% < xgC iff j > k; T simply orders the scalar fields from latest to earliest
in time. Similarly, the normal ordering symbol N puts all creation operators on the left, e.g. as
Nuy Ei‘:a = a}a sy (note that 2; and @ commute, so it doesn’t matter what order they're placed

in). We define the contraction of two operators as
L PR
AB = (0|TAB|0)

So, for instance,

AN AN A A

ABCDEF = AE(0|TBD|0)(0|TCE|0)

Wick’s theorem states that applying T to a given string of operators is equivalent to applying

N to that string plus all of its possible contractions. For instance,

TABCD = NABCD + (0|TAB|0)NCD + (0|TAC|0)NBD + ...+ (0|TAB|0)(0|TCD|0) +
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where we first list the term with zero contractions, then those with one contraction, then with

two. As a particular case, this allows us to evaluate terms of the form (0|TABC ... |0): since

Since taking (O|NAB...|0) always yields zero, we see that this simplifies to the sum of all

terms which contract all elements.

Propagators We define the Feynman propagator by

G(x,y) = (QITP(x)¢" (v)|2)

The interpretation of this is as follows: starting from the ground state |(}), create a particle
at spacetime point y, wait a while, and then attempt to annihilate it at spacetime point x; the
extent to which the state no longer resembles |()) is given by taking its product against (€|.

When we're in a free theory with |Q)) = |0), G(x,y) is known as the free propagator

A(x,y) = (0] Tp(x)¢" (v)[0)

Perturbation Expansions To see this machinery in action, we need a non-free, interacting

An

tield theory. One such theory is given by the "¢*" theory, with Lagrangian

1 1 A
_ = g~ 242 T4

This is similar to the Klein-Gordon Lagrangian, except for the ¢* term which induces a non-
linear Euler-Lagrange equation

A

The quantized Hamiltonian H is similar to that of the Klein-Gordon Hamiltonian, but with
an extra "interaction” term %9/54. We correspondingly decompose H as Ho+ H', where Hy is the
Klein-Gordon Hamiltonian and #/ is this interaction term. When A is small, we can approx-
imate the evolution of an arbitrary operator O as O;(t) = ¢iflot Oe—iHot | where the subscript 1

denotes that we’re working in the "interaction picture". We define the S-matrix by

S=T e*iffooc i d4x]
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Since this is generally insoluble, we expand in powers of —i [~ Hyd*x:

S=T [1—1/7—[ yaty 4 20 /’H; y)dixdy + .. ]

)d xm]

We can analyze the probability that a particle with momentum p turns into a particle with
momentum 7 by plugging the two probabilities into the S-matrix: for instance, in the ¢* theory,

we obtain

_i)2 2 R
T [<0|aqag|o> + (i) (E) [ (0l *at|o) dx + % (%) [0l 9wy ahl0) dix 'y +..

~ oo+ 3 S (4) /<0|T[aq<§$<xm>4>a;] 0 T d's,

n=1
Thus, the higher-order corrections to (O|ﬁq§ﬁ;_;|0> arise in powers proportional to A.

Let’s analyze the first-order correction, given by

2 OB 0)

As stated above, the integrand can be reduced to the sum of all total contractions over its six
(2n )

members. Given 2n operators, there are -

distinguishable ways to contract all operators
(i.e., form n pairs); 2n = 6 here, there are 15 terms to consider. In each of these, either the
annihilation and creation operators have been contracted with one another, or they have not.

The cases in which they have number = 3, and the cases in which they have not, so

4!
22.21

that each one is contracted with a ¢(x), number 15 — 3 = 12. The three terms are of the
form <0|Zl\~a+|0) 60)(7 — ), and we may also calculate (0|</ﬁ(x)ﬁ;%|0> = W\/%Tﬁe’ip'x,

O ()10) = e ™
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B.4.4 The Dirac Field

While Dirac spinors are four-component vectors, they will be treated analogously to the scalars
seen in previous field theories: we will generally not give them indices. Consequently, four-
component vectors of four-component vectors, or 4 x 4 matrices, will have one index. To refer
to the space-like components, or the in the case of matrices the latter three components, though,
we may still use vector notation (or, in the case of 9, V = (81, 92,03 )). For a four-component
object x,, we write the contraction y/x, as ¥; note that > = y#yVx,x, = %(’y”’y” + ) xuxy
(because we are summing over all y, v) = 7"V x,x, = x2.

A Dirac field is a Dirac spinor field ¢ with Lagrangian

i) — m)p =0

where ¢ = 9%, m = mly, and 9, acts on y coordinate-wise. The Euler-Lagrange equation for
 yields the Dirac equation
(id —m)p =0

where m = mly. It follows that (—id — m) (i — m)p = (#* + m2)yp = (0% +m?)p = 0, so that
the Dirac equation implies the Klein-Gordon equation in each coordinate. The Hamiltonian is
givenby H = —¢(i7 - V — m)y, so the conjugate momentum of ¢ is given by H; = iy" and
the conjugate momentum of ¥ is given by H% =

Splitting 1 into left-handed and right-handed Weyl spinor fields as ¢ = (i, r), or equiv-
alently by separating it into eigenvalues of the chirality operator 7> = iy yly23 = [_012 102],
we see that the mass operator leaves ; and ¥R in their place, whereas gamma operators switch

them. In general, this causes the two fields to interact with one another, but when m = 0, they

do not, and the Dirac equation splits into two separate equations known as the Weyl equations:
i(a()—(_f’-V)l[JL:O i(@o—l—@"-V)lpR:O

The solutions to the Dirac equation are given by waves of the form ¢(x) = [g%} e
N

_]7 \/17'7] e'P’* for negative energy. The ¢ and 5 forming the

spinors u(p) = [g%} and v(p) = [ _’717‘/\57%] are arbitrary, so we choose to normalize, setting

e = y'y = 1. We write u’ for &, i = 1,2, and likewise for v'. We can write down some

for positive energy, and (x) = {
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useful properties of the u' and v': uf(p)u(p) = v'(p)v(p) = 2E5, ¥ w(p)w(p) = v-p+m,
Yo (p)@(p) =v-p—m.

Quantization To quantize the Dirac field, we can not impose the equal-time commutation
relation [¢(x), it (y)] = i (x — y). The particles described by any field with half-integer spin
are fermions, meaning that interchanging the position of any two fermions adds a negative sign
to the state of the field. In particular, any state with two fermions occupying the same position
in spacetime must be zero. This is in contrast to particles described by integer spin fields, such
as the spin 0 Klein-Gordon equation, which can be stacked on top of one another indefinitely;

these particles are known as bosons. Hence, we impose equal-time anticommutation relations,
-~ ./\1- — . 3 — —
{9(3), 19 (7)} = 16®) (% - 7)

where j indexes the components of each spinor.

The mode expansions for ¢ and i can be given as

e 'P¥ 4 vj(p)g;fﬁeip'x

~ d3 1
P(x) Z/(2n)3/2\/ﬁg”]

1

3
9= [ Gy 3/2¢EZ”J

<D

e + 91 (p)byge

The interpretation is that Zz\;rﬁ creates a fermion with momentum p and handedness given by

j, whereas b;rﬁ creates an antifermion.

Quantum Electrodynamics The Dirac equation obviously has a global U(1) symmetry, since
the Dirac Lagrangian £ remains invariant under phase shifts ¥ — e'®, x € R. We're go-
ing to outline a procedure by which we can turn global symmetries of Lagrangians into local
symmetries, and then analyze the Dirac Lagrangian with local U(1) invariance.

In general, given a principal G-bundle E X X with specified connection one-form w, we
write 0¥ and v for the restrictions of an arbitrary vector field v to its vertical and horizontal
components, which satisfy 9i.(v") = w(v) = 0and v¥ + v = v. Given a (possibly g-valued)

k-form 7 on E, we define 17H(vl, ce, Ug) = 11(0{1, .. .,vf) and likewise for 17V. The exterior
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covariant derivative on the bundle with connection (E > X, w) is given by Dy := (dn)H. The

curvature of the connection form w is given by () := Dw. Cartan’s structure equation states

that Q = dw + 3[w, w], where [w, w](v,w) = [w(v),w(w)] — [w(w),w(v)] = 2[w(v), w(w)].
It follows that dQ = d(dw + i w,w]) = ldjw,w] = } ([dw, w] — [w,dw]) = [dw,w]. Since
[[w, w],w] = 0, we can write dw = [Q,w]. A locally U(1) invariant version of the Dirac

equation, in which E is spinors and X is spacetime, has dy = 0,y = (dy)H + (dy)" = Dy +
(dy)V. Hence, the gauge covariant derivative D,y differs from 9, by a one-form: we will write
Dy = 0,9 + igAup, where g is a constant and Ay is known as the gauge field, transforming
under a shift ¢ — e as A, — A, — %@l«x.

To make the Dirac equation as we know it locally U(1) invariant, we will simply make the
derivative covariant, replacing 0, with D, = 0, +iqA,. This gives us a U(1) gauge theory
L=9(iD—m)p = ¢>id — m)p — qpAp. In order to use this to model electromagnetism, we

simply add the Lagrangian of classical electromagnetism, obtaining a Lagrangian
1 — (s
L= —ZF‘qu‘uv + ED(ZE — m)1,0

Note that F,, = dA,, so that this is a restriction on the gauge field itself. Hence, A, serves two
purposes: it both enforces local U(1) invariance and serves as an electromagnetic current.

L = —1FF* + (i) — m)y is the Lagrangian of quantum electrodynamics. The current
density is recovered from the interacting part as J¥ = ¢y"p. ¢ creates fermions (electrons),
1 creates antifermions (positrons), and A, is a massless boson (photon) field interacting with
electrons via the interaction term £; = —gqip Ayp. S-matrix terms see photons interacting with
pairs of electrons and fermions, creating many of the same interactions seen in the previously

encountered Yukawa interaction theory.
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